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A b s tra c t
A s tu d y  i s  made o f  th e  p ro p a g a tio n  o f  a  d eu te ro n  th ro u g h  a n u c le a r  
medium. We c o n s id e r  th e  e f f e c t  o f  th e  P a u l i  e x c lu s io n  p r in c i p l e  on th e  
i n t e r n a l  m otion  o f  th e  d e u te ro n , f o r  th e  id e a l iz e d  case  o f  a d e u te ro n  
p ro p a g a tin g  th ro u g h  i n f i n i t e  n u c le a r  m a t t e r 3 assumed to  be a d e q u a te ly  
d e sc r ib e d  by th e  F erm i-gas m odel. T h is  g r e a t ly  s im p l i f i e s  th e  
c a lc u la t io n s  and e n a b le s  us to  in c lu d e  e x p l i c i t l y  th e  D -s ta te  component 
o f th e  d eu te ro n  w avefu n c tio n  in  our m odel. I t  i s  shown t h a t  th e  a c t io n  
o f  th e  P a u li  e x c lu s io n  p r in c ip le s  on th e  D -s ta te  p a r t  o f  th e  d e u te ro n , 
endowes v a r io u s  p r o p e r t i e s  o f  th e  d eu te ro n  w ith  s tro n g  dependence on 
th e  r e l a t i v e  o r i e n t a t i o n  o f  th e  d e u te ro n  s p in  and i t s  l i n e a r  momentum. 
The dependence o f  th e  b in d in g  energy  o f  th e  d eu te ro n  on t h i s  r e l a t i v e  
o r i e n t a t i o n  i s  p a r t i c u l a r l y  im p o r ta n t ,  b e c a u se , i t  can b e  a s s o c ia te d  
w ith  a  new te n s o r  te rm , o f  th e  Tp ty p e ,  in  th e  d e u te ro n  o p t i c a l  
p o t e n t i a l .  The s t r e n g th  o f  t h i s  te n s o r  p o t e n t i a l  i s  found to  be  non - 
n e g l ig ib le  a t  h ig h  in c id e n t  d eu te ro n  e n e r g ie s ,  f o r  th e  r e a l i s t i c  ca se  
o f  a  d e u te ro n  p ro p a g a tin g  th ro u g h  a f i n i t e  n u c le u s . Rough e s t im a te s  
o f  t h i s  s t r e n g th  a t  low er e n e r g ie s ,  in d ic a te  t h a t  t h i s  new te n s o r  
in t e r a c t io n  i s  la rg e  fo r  th e se  e n e rg ie s  to o .  The im p o rta n t im p lic a ­
t io n s  o f  t h i s ,  f o r  th e  i n t e r p r e t a t i o n  o f  ex p erim en t w ith  p o la r iz e d  
d e u te ro n s , a re  d is c u s s e d .
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1INTRODUCTION
a) H is to r i c a l  backg ro u n d : The d eu te ro n  i s  th e  on ly  bound s t a t e  o f
th e  two n u c leo n  sy stem ; i t  i s  th e re f o r e  th e  s im p le s t  com posite  n u c le u s  
and a t  th e  same tim e i t  i s  th e  s im p le s t9 and may be th e  m ost u s e f u l 9 
com posite p r o j e c t i l e .  The s tu d y  o f  th e  p r o p e r t i e s  o f  th e  d eu te ro n  i s  
one o f  th e  m ost im p o rta n t so u rc e s  o f  in fo rm a tio n  ab o u t n u c le a r  f o r c e s .  
N uclear r e a c t io n s  invclv5.ng d eu te ro n s  have been and c o n tin u e  to  be  an 
im p o rta n t so u rce  o f  d e t a i l e d  in fo rm a tio n  on n u c le a r  s t r u c t u r e .
I t  i s  n u m e ric a lly  and o th e rw ise  advan tageous to  a n a ly se  th e  
d a ta  o f  s c a t t e r in g  ex p erim en ts  in  term s o f  an e f f e c t iv e  i n t e r a c t i o n  
betw een th e  p r o j e c t i l e  and t a r g e t 5 which we c a l l  th e  o p t i c a l  p o t e n t i a l .  
Over th e  l a s t  tw en ty  y e a rs  many a u th o rs  have d i r e c te d  a l o t  o f  e f f o r t  
t o  th e  d e r iv a t io n  o f  th e  d e u te ro n  n u c le u s  o p t i c a l  p o t e n t i a l  s t a r t i n g  
from th e  n u c le o n -n u c le u s  o p t i c a l  p o t e n t i a l .  P r a c t i c a l l y  a l l  th e se  
works re v o lv e  around W atanabe’s o r ig i n a l  id e a  1 . Watanabe p rop o sed  
t h a t  d eu te ro n  e l a s t i c  s c a t t e r in g  d a ta  sh o u ld  be a n a ly se d  in  te rm s o f  
a  d e u te ro n -n u c le u s  o p t i c a l  p o t e n t i a l 9 U^3 which i s  th e  sum o f  th e  
n e u tro n  and p ro to n  o p t i c a l  p o t e n t i a l s  and U^9 f o r  th e  same n u c le u s  
e v a lu a te d  a t  h a l f  th e  d eu te ro n  en erg y  and fo ld e d  over th e  i n t e r n a l  
w avefunction  o f  th e  d e u te ro n .
where <Hr). i s  th e  d eu te ro n  w avefunction
R i s  th e  s e p a ra t io n  v e c to r  o f  th e  d eu te ro n  and n u c le u s  c e n tr e  
o f  m asses
and r  th e  r e l a t i v e  s e p a ra t io n  o f  th e  p ro to n  and n e u tro n  in  th e  
d e u te ro n .
The Watanabe model was exam ined e x t e n s i v e ^  ov er a  w ide ran g e  
o f n u c le i  and e n e rg ie s  2 »3 and was found to  be e s s e n t i a l l y  c o r r e c t  
a lth o u g h  th e  need  f o r  some re f in e m e n ts  was obv io u s. W atanabe!s 
work was fo llo w ed  by many a u th o rs  3 #lf5,5 * *20 who c r i t i s i s e d  th e  m odel 
and p roposed  a  number o f  c o r r e c t io n s .  The c o r r e c t io n s  to  th e  
W atanabe m odel due to  th e  D -s ta te  o f  th e  d eu te ro n  and th e  c o r r e c t io n s  
due to  th e  P a u li  e x c lu s io n  p r in c ip le  a re  o f  s p e c ia l  i n t e r e s t  t o  u s .
S a tc h le r  ^ s 20 f i r s t  c o n s id e re d  th e o r e t i c a l l y  th e  s p in -  
dependence o f  d e u te ro n -n u c le u s  e l a s t i c  s c a t t e r i n g .  He showed,, on g e n e ra l  
p r i n c i p l e s 3 and p ro v id ed  term s a t  m ost q u a d ra t ic  in  th e  momentum 
o p e ra to r  a re  allow ed  in  th e  o p t i c a l  p o t e n t i a l 5 t h a t  th e  o p t i c a l  
p o t e n t i a l  d e s c r ib in g  th e  e l a s t i c  s c a t t e r in g  o f a  s p in  one p a r t i c l e  
by a s p in  ze ro  t a r g e t  can c o n ta in  3 a p a r t  from c e n t r a l  and th e  u s u a l 
s p in  o r b i t  te rm s 9 th r e e  p o s s ib le  ty p e s  o f  te n s o r  te rm s o f  ran k  2 s which 
a re  u s u a l ly  deno ted  by Tr and Tp. The form  o f  th e s e  p o t e n t i a l s  i s  
as fo l lo w s :
< £ - 5 f  ,
V r  = Ur (R)Tr  . TR = -  3
VL = Ul(R)Tl  = (L.s)2 + i(h.s) -  |  L2
Vp = Op(R)Tp + TpUp(R) Tp = (S.P)2 - |  P2
In  W atanabefs o r ig i n a l  model th e  D -s ta te  o f  th e  d e u te ro n  was 
n e g le c te d .  S a tc h le r  showed t h a t  a Tp te rm  can be g e n e ra te d  by th e  
Watanabe model i f  th e  D -s ta te  o f  th e  d eu te ro n  i s  in c lu d e d .
The sp in -dependence  o f  d e u te ro n -n u c le u s  e l a s t i c  s c a t t e r i n g  was 
a l s o  exam ined in  a s e r i e s  o f  p a p e rs  by Lyovshin 9 ,1 ° 511512. He 
proposed  mechanisms f o r  p ro d u c in g  a l l  th r e e  te n s o r  p o t e n t i a l s .  However 
h is  Tt and T^ te n s o r  p o t e n t i a l s  a re  much s m a lle r  th a n  th e  T p o t e n t i a l .Li r  it
-  C 5  -
i
H is Tp te n s o r  p o te n t i a l s  which i s  r e le v a n t  to  th e  p r e s e n t  w ork, i s  
p r o p o r t io n a l  to  th e  energy  d e r iv a t iv e  o f  th e  n u c leo n  o p t i c a l  p o t e n t i a l .  
A s m a ll  te n s o r  p o t e n t i a l  o f  th e  ty p e  was a ls o  p rop o sed  by Stamp 2 1 .
D uring th e  l a s t  few y e a rs  th e  sp in -d ep en d en ce  o f  th e  d e u te ro n -  
n u c le u s  in t e r a c t io n  has become th e  s u b je c t  o f  c o n s id e ra b le  i n t e r e s t  
as th e  r e s u l t  o f  th e  developm ent o f  e l a s t i c  s c a t t e r in g  ex p erim en ts  
in  which th e  f iv e  o b s e rv a b le s ,  a (0 ) ( th e  c r o s s - s e c t io n  f o r  u n p o la r iz e d  
d e u te ro n s ) ,  i  T ^ ,  T2Q, T2 1 , T22 ( th e  a n a ly s in g  power f o r  p o la r iz e d  
d e u te ro n )  a re  a l l  m easured over a  c o n s id e ra b le  a n g u la r  ran g e  and f o r  a 
v a r ie ty  o f  t a r g e t s  and e n e rg ie s  22 ,2 3 ,2 ^  ,25 ,26  ^ -phe a n a ly s i s  o f  th e se  
d a ta  in  term s o f  an o p t i c a l  p o t e n t i a l  u s u a l ly  assumes t h a t  in  a d d i t io n  
to  a  s p in - o r b i t  fo rc e  o f L_._S ty p e ,  te n s o r  fo rc e s  o f  th e  and ty p e  
a re  a l s o  p r e s e n t .  I t  seems a t  th e  p r e s e n t  tim e t h a t  th e  1' te n s o rK 5
a lo n e  i s  s u f f i c i e n t  to  e x p la in  th e  te n s o r  a n a ly s in g  pow ers a t  su b - 
Coulomb e n e rg ie s  22,2  3 ,2 ^  ^  h ig h e r  e n e rg ie s  however th e o ry  and
ex p erim en t d is a g re e  c o n s id e ra b ly  even when b o th  th e  and te n s o r  
term s a re  in c lu d e d  in  th e  d e u te ro n -n u c le u s  o p t i c a l  p o t e n t i a l  2 3,28^
I t  h as  been r e a l i s e d  d u rin g  th e  l a s t  few y e a rs  t h a t  th e  P a u li  
e x c lu s io n  p r in c ip le  p la y s  a  v e ry  im p o rta n t r o l e  in  n u c le a r  r e a c t io n s  
in v o lv in g  m u lti-n u c le o n  bound p r o j e c t i l e s  and t a r g e t s ,  D eu te ro n - 
n u c le u s  s c a t t e r in g  i s  th e  s im p le s t  exam ple. The e f f e c t  o f  a n t i -  
sy m m etriza tio n  on d eu te ro n  n u c le u s  s c a t t e r i n g  was s tu d ie d  by many 
a u th o rs  Even in  t h i s  ca se  however a fo rm a l tr e a tm e n t  o f
th e  problem  i s  v e ry  co m p lica ted  and th e  e f f e c t  o f  a n t is y m m e tr iz a tio n  
i s  in te r lo c k e d  w ith  o th e r  e f f e c t s  in  such  a  way t h a t  i t  i s  d i f f i c u l t  
to  be re c o g n is e d . A lthough fo rm al t r e a tm e n ts  o f  d eu te ro n  n u c le u s  
s c a t t e r in g  a re  v e ry  im p o r ta n t ,  t h e o r e t ic a l ly ^ th e y  a re  v e ry  d i f f i c u l t  
to  red u ce  t o , a  c a lc u la b le  form . The n eed  f o r  s im p l ify in g  assu m p tio n s
i s  o b v io u s . The s im p le s t  and m ost s u c c e s s fu l  th e o r ie s  f o r  d e u te ro n -  
n u c le u s  e l a s t i c  s c a t t e r i n g  a re  b ased  on th e  Watanabe m odel.
The work o f  Gambhir and G r i f f i t h  17 i s  most r e l e v a n t  to  th e  
p r e s e n t  work. They in v e s t ig a te  th e  v a r i a t io n  o f  th e  d eu te ro n  b in d in g  
energy  when a d eu te ro n  i s  p ro p a g a tin g  th rough  a  n u c le a r  medium 
b ecause  o f  th e  re d u c t io n  o f  th e  n e u tro n -p ro to n  in t e r a c t io n  due to  
a n t is y m m e tr iz a t io n . The b in d in g  energy  o f  a  d eu te ro n  in  n u c le a r  
m a tte r  i s  o b ta in e d  by s o lv in g  a  B ethe-G o ldstone  ty p e  o f  e q u a t io n .
b )  Scope o f  th e  t h e s i s : A p ro p e r  acc o u n t o f  e i t h e r  th e  P a u l i  e x c lu s io n
p r in c i p le  o r  o f  th e  D -s ta te  o f  th e  d eu te ro n  in  th e  in v e s t ig a t io n  o f 
d eu te ro n  n u c le u s  s c a t t e r in g  makes th e  problem  v e ry  d i f f i c u l t .  E f f e c ts  
due to  th e  P a u l i  e x c lu s io n  p r in c ip le  and th e  D -s ta te  o f  th e  d eu te ro n  
a re  u s u a l ly  p re s e n te d  as c o r r e c t io n s  to  th e  th e o ry . P r a c t i c a l ^  a l l  
works in v e s t ig a t in g  e i t h e r  P a u li  e f f e c t s  o r  D -s ta te  e f f e c t s  a re  
concerned  w ith  one o f  th e se  two e f f e c t s  and n e g le c t  th e  o th e r .  The 
re a so n  f o r  t h i s  s i t u a t i o n ,  a p a r t  from th e  com plex ity  in v o lv e d  when 
b o th  e f f e c t s  a re  in c lu d e d , i s  th e  id e a  t h a t  th e s e  e f f e c t s  a re  s m a l l9 
e s p e c ia l ly  th e  D -s ta te  e f f e c t ,  b ecau se  th e  D -s ta te  component in  th e  
d eu te ro n  w avefunction  i s  s m a ll .  In  a  number o f  c a se s  however 
in c lu s io n  o f  th e  D -s ta te  o f  th e  d e u te ro n , a lth o u g h  s m a l ls has p roven  
n e c e ss a ry  30 = 35 .
The pu rpose  o f  th e  p r e s e n t  work i s  to  in v e s t ig a t e  th e  im portance  
o f  th e  combined e f f e c t  o f  th e  P a u l i  e x c lu s io n  p r in c i p l e  and th e  
in c lu s io n  o f  th e  D -s ta te  o f  th e  d e u te ro n , when a  d e u te ro n  i s  p ro p a g a tin g  
th ro u g h  a  n u c le a r  medium. We p r im a r i ly  w ant to  d e te rm in e  w hether 
o r n o t  any e x p e r im e n ta lly  o b se rv a b le  e f f e c t s  can be p roduced  in  t h i s  
way. In  th e  absen ce  o f  any p re v io u s  s im i la r  s tu d y  we c o u ld  n o t  fo r s e e
from th e  b eg in n in g  which ex p erim en ts  m ight be r e l e v a n t .  We d id  
however r e a l i z e  t h a t  a  fo rm al tr e a tm e n t o f th e  problem  w ould r e s u l t  
in  e x p re s s io n s  where v a r io u s  ohsevab le  q u a n t i t i e s  would depend on a 
m u ltitu d e  o f  so u rc e s  mixed to g e th e r  in  an in s e p a ra b le  fo rm . We a re  
n o t  th e re fo re  a t te m p tin g  to  d e r iv e  an e x a c t  th e o ry ,  in  o rd e r  to  av o id  
complex n u m e ric a l c a lc u la t io n s  where th e  p h y s ic a l  m eaning o f th e  
r e s u l t s  i s  o b s c u re . Our aim a t  t h i s  s ta g e  i s  s im p l ic i ty  o f  i d e a s .
We t r y  a s  much a s  p o s s ib le  to  p r e s e n t  a  p ic tu r e  o f  how th e  P a u li  
e x c lu s io n  p r in c ip le  o p e ra te s  when a  d eu te ro n  i s  p ro p a g a tin g  th ro u g h  a 
n u c le a r  medium. The b in d in g  energ y  o f  th e  d eu te ro n  in  n u c le a r  m a t te r ,  
a s  a fu n c tio n  o f  th e  d eu te ro n  in c id e n t  energy  and n u c le a r  m a tte r  
d e n s i ty ,  i s  o b ta in e d  by s o lv in g  a  B ethe-G o ldstone  e q u a tio n  o f  th e  
type  used  by Gambhir and G r i f f i t h  g e n e ra l is e d  to  in c lu d e  th e  te n s o r  
n -p  in t e r a c t io n  g iv en  by Yamaguchi and Yamaguchi 30 . We found t h a t  
th e  b in d in g  energy  o f  th e  d eu te ro n  in  n u c le a r  m a tte r  depends s t r o n g ly  
on th e  r e l a t i v e  o r ie n t a t i o n  o f  th e  t o t a l  s p in  o f  th e  d e u te ro n  and 
th e  d i r e c t io n  o f  i t s  c e n tr e  o f  mass m o tion . T h is e f f e c t  can be 
accoun ted  f o r  by th e  in c lu s io n  o f a Tp ty p e  o f  te n s o r  p o t e n t i a l  in  
th e  d eu te ro n  n u c le u s  o p t i c a l  p o t e n t i a l .  The s t r e n g th  o f  t h i s  te n s o r  
p o t e n t i a l  may be o f  th e  same o rd e r  as  th e  s t r e n g th  o f  th e  TR te n s o r  
p o t e n t i a l  p r e d ic te d  by th e  W atanabe m odel. T h is  new te n s o r  p o t e n t i a l  
may be r e l e v a n t  to  s u g g e s tio n s  t h a t  th e  W atanabe model does n o t 'g i v e  
th e  c o r r e c t  sp in -d ep en d en ce  a t  h ig h  d eu te ro n  in c id e n t  e n e rg ie s  2 3 s2 8 . 
Soon a f t e r  we o b ta in e d  t h i s  r e s u l t  31 s>32 ,3  3 A ustern  29 p ro p o sed  an 
a l t e r n a t i v e  d e r iv a t io n  o f  a Tp te n s o r  fo rc e  from th e  com bined e f f e c t  
o f  th e  P a u li  e x c lu s io n  p r in c ip le  and th e  D -s ta te  o f  th e  d e u te ro n . At 
th e  end o f  th e  th e s i s  an a tte m p t i s  made to  compare th e  two d e r iv a t io n s .  
This p a r t  o f  th e  work was done in  c o l la b o r a t io n  w ith  Dr. W.S. Pong.
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c) O u tlin e  o f  p r e s e n ta t io n  : In c h a p te r  1 we o u t l in e  th e  a c t io n  o f  th e
P a u li  e x c lu s io n  p r in c ip le  on a  d e u te ro n  p ro p a g a tin g  th ro u g h  i n f i n i t e  
n u c le a r  m a t te r ,  u nder th e  assum ption  t h a t  i n f i n i t e  n u c le a r  m a tte r  i s  
a d e q u a te ly  d e s c r ib e d  by th e  Ferm i g as .m o d e l. In th e  f i r s t  c h a p te r  
th e  Yamaguchi p o t e n t i a l  f o r  th e  n e u tro n -p ro to n  in t e r a c t io n  i s  
in tro d u c e d . •
In  c h a p te r  2 th e  S ch ro d in g er e q u a tio n  f o r  th e  r e l a t i v e  m o tio n , 
f o r  a  d eu te ro n  p ro p a g a tin g  th ro u g h  n u c le a r  m a tte r  i s  e s t a b l i s h e d  in  th e  
momentum r e p r e s e n ta t io n  and red u ced  to  an e ig e n v a lu e  d e te rm in a n t f o r  
th e  b in d in g  energy  o f  th e  d e u te ro n . The m ethods o f  s o lu t io n  o f  th e  
e ig e n v a lu e  d e te rm in a n t a re  th en  o u t l in e d .  As a p a r t i c u l a r  example, we 
examine a t  th e  end o f  c h a p te r  2 th e  l im i t in g  case  o f a  d e u te ro n  a t  
r e s t  in  i n f i n i t e  n u c le a r  m a tte r .
In  c h a p te r  3 we p r e s e n t  th e  v a r i a t io n  o f  th e  b in d in g  en erg y
o f  th e  d e u te ro n  a s  a  fu n c tio n  o f  n u c le a r  m a tte r  d e n s i ty  and c e n t r e  o f
mass momentum v e c to r .  The dependence o f th e se  r e s u l t s  on th e  D - s ta te  
o f  th e  d eu te ro n  i s  a l s o  p r e s e n te d .  The r e s t  o f  c h a p te r  3 i s  concerned  
w ith  th e  d i s t r i b u t i o n  o f  o r b i t a l  a n g u la r  momenta in  th e  d e u te ro n  wave­
fu n c tio n  when th e  d e u te ro n  i s  p ro p a g a tin g  th ro u g h  n u c le a r  m a t te r .  T h is  
d i s t r i b u t i o n  i s  compared w ith  th e  co rre sp o n d in g  d i s t r i b u t i o n  when th e  
d eu te ro n  i s  in  f r e e  sp a c e .
The r e s u l t s  o f  c h a p te r  3 a re  e x p la in e d  and j u s t i f i e d  by C h a p te r ,
4 . A p ic tu r e  f o r  th e  P a u l i  mechanism i s  developed  f o r  t h i s  p u rp o se .
The r e l a t i v e  momenta in  th e  d eu te ro n  w avefunction  a re  d iv id e d  in to  
th re e  r e g io n s ,  two o f  w hich have th e  p ro p e r ty  o f p r e s e r v in g ,  in  
n u c le a r  m a t te r ,  th e  symmetry o f  th e  d eu te ro n  w av efu n c tio n  in  f r e e  
sp a c e , and one which does n o t  p o sse ss  t h i s  p r o p e r ty .  T h is d iv i s io n  
o f  th e  r e l a t i v e  momenta e n a b le s  us to  e x p la in  sim ply  th e  o r b i t a l  
a n g u la r  momentum d i s t r i b u t i o n  o f  th e  d eu te ro n  w avefunction  in  n u c le a r  
m a t t e r .
In  c h a p te r  5 we co n n ec t th e  sp in  dependence o f  th e  b in d in g  
energy  o f th e  d eu te ro n  in  n u c le a r  m a tte r  w ith  a te n s o r  p o t e n t i a l  o f  
th e  Tp ty p e  w hich m ust be added in  th e  d eu te ro n  o p t i c a l  p o t e n t i a l .
In  c h a p te r  6 we a t te m p t to  r e l a t e  th e  n u c le a r  m a tte r  c a lc u la t io n  
to  th e  r e a l i s t i c  case  o f  a d eu te ro n  p ro p a g a tin g  th rough  a f i n i t e  
n u c le u s . A v e ry  sim p le  model i s  s e t  up f o r  t h i s  pu rpose and th e  
v a l i d i t y  o f  i t s  b a s ic  assum ption  i s  exam ined. We f in d  t h a t  t h i s  model 
i s  v a l id  f o r  in c id e n t  d eu te ro n  e n e rg ie s  g r e a t e r  th a n  150 MeV. A u s te rn ’s 
d e r iv a t io n  o f  th e  Tp fo rc e  i s  a l s o  exam ined and compared w ith  o u r 
ap p ro ach . E s tim a te s  o f  th e  shape and s t r e n g th  o f  th e  Tp fo rc e  a re  a l s o  
o b ta in e d  f o r  low e n e rg ie s  in  t h i s  c h a p te r .  These e s t im a te s  how ever 
a re  n o t  e x p e c te d  to  be  a c c u r a te .  They a re  however p r e s e n te d ,  in  th e  
absence o f  any p re v io u s  e s t im a te s  f o r  t h i s  new f o r c e ,  a s  p la u s ib le  
forms f o r  th e  Tp f o r c e ,  f o r  peo p le  w ish in g  to  in c lu d e  t h i s  fo rc e  in  t h e i r  
a n a ly s is  o f  ex p erim en ts  w ith  p o la r iz e d  d e u te ro n s .
In  c h a p te r  7 a  s im p le  c a l c u l a t i o n ,  in  p la n e  wave Born a p p ro x i­
m ation  i s  perfo rm ed  in  which we c a lc u la te  th e  te n s o r  a n a ly z in g  pow ers 
fo r  e l a s t i c  s c a t t e r i n g  o f  d e u te ro n s  from  a s p in le s s  t a r g e t  a t  h ig h  
in c id e n t  d eu te ro n  e n e r g ie s .  In  th e  absence o f  any e x p e r im e n ta l d a ta ,  
in  t h i s  energy  r e g io n ,  th e  u s e fu ln e s s  o f  t h i s  c a l c u la t io n  i s  l im i t e d  to  
a com parison o f  th e  te n s o r  a n a ly z in g  pow ers produced  w h en ,in  a d d i t io n
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to  th e  c e n t r a l  in t e r a c t io n s  a  T_ te n s o r  p o t e n t i a l  i s  p r e s e n t  in  th eK
d e u te ro n  n u c leu s  in t e r a c t io n  w ith  th e  co rre sp o n d in g  q u a n t i t i e s  when 
b o th  Tp, and Tp te n s o r  fo rc e s  a re  p r e s e n t  in  th e  d e u te ro n -n u c le u s  
i n t e r a c t i o n .
F in a l ly  in  th e  e p ilo g u e  we su g g e s t p o s s ib le  a p p l ic a t io n s  o f  
Hie Tp te n s o r  fo rc e  we p ropose  h e re  to  some fa s h io n a b le  p roblem s 
o f n u c le a r  p h y s ic s .
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CHAPTER 1
THE FERMI-GAS MODEL FOR NUCLEAR MATTER9 THE PAULI EXCLUSION 
PRINCIPLE AND THE YAMAGUCHI POTENTIAL
l.A . N uclear m a tte r  as  a  F erm i-gas and th e  P a u l i  e x c lu s io n  p r in c i p l e
I n f i n i t e  n u c le a r  m a tte r  can be th o u g h t o f  as a  c o l l e c t io n  o f  
non i n t e r a c t in g  ferm io n s c o n fin e d  in  a  re g io n  o f  space  3If. In  t h i s  
ap p ro x im atio n  th e  momentum d i s t r i b u t i o n  p e r  u n i t  volume in  momentum 
space  i s  a  s te p  fu n c t io n  w ith  c o n s ta n t  v a lu e  k < kp and ze ro  f o r  k > k p .
The momentum9 k p 3 o f  th e  h ig h e s t  o ccu p ied  s t a t e  depends o n ly  on th e
d e n s i ty ,  p 9 th ro u g h  3If
p = — k 3 1.1
Sir* F
The c e n t r a l  d e n s i ty  o f  r e a l  n u c le i  w ith  A > 12;, P c , i s  
p r a c t i c a l l y  a  c o n s ta n t  3I+
pc = 0.172 p a r  t i d e s / f m 3 1 .2
kp = 1 .36 -fvwv'4- 1 .3
L e t us now c o n s id e r  a  d e u te ro n  p ro p a g a tin g  th ro u g h  f r e e  space  
w ith  a  momentum Kq . I t s  com plete w avefunction  may be expanded in  
p la n e  waves
*R r ik  *r ik  »r
 ^ e = e “ n ~n  l.M-
Where R i s  th e  p o s i t i o n  v e c to r  o f  th e  c e n t r e  o f  mass o f  th e  
d e u te ro n . k^ and r^  a re  th e  p ro to n  momentum wavenumber and p o s i t i o n  
v e c to r  r e s p e c t iv e ly .  S im ila r ly  k and r  a r e  th e  n e u tro n  momentum“41
wavenumber and p o s i t io n  v e c to r .  The r e l a t i v e  momentum wavenumber i s  
k and th e  r e l a t i v e  p o s i t i o n  v e c to r  i s  r ,
These q u a n t i t i e s  a re  r e l a t e d  to  each  o th e r  th ro u g h  th e  u s u a l  
r e l a t i o n s h ip s .
• k = a  + k - k = a  -  k 1 .5-p  . -  -  n -
r  r
When th e  same d eu te ro n  i s  p ro p a g a tin g  th rough  n u c le a r  m a tte r
some v a lu e s  o f  th e  r e l a t i v e  momentum k_ w i l l  n o t  be a llow ed  b ecau se  o f
th e  P a u li  e x c lu s io n  p r i n c i p l e .  I f  th e  Fermi gas model i s  assum ed f o r
n u c le a r  m a tte r  th e  p la n e  waves in  th e  d eu te ro n  w avefunction  c o rre sp o n d in g
to  e i t h e r  k o r  k le s s  th a n  k„ w i l l  be fo rb id d e n  f o r  th e  d e u te r o n .-p  ~n F
A
Le't us now d e f in e  th e  p r o je c t io n  o p e r a to r 5 B u which p r o je c t s  
o u t o f  th e  F e rm i-se a ,
0 f ( k )  = f ( k )  i f  |a  ± kj > k p
1 .7
G f ( k )  = 0 i f  | a  ± l^l < kp
In  term s o f  t h i s  p r o je c t io n  o p e r a to r 9 th e  d eu te ro n  w av efu n c tio n  in  
n u c le a r  m a tte r  becomes
~ 11 -
1*B. The a c t io n  o f  th e  o p e ra to r  §
We summarize h e re  some r e s u l t s 9 we w i l l  be u s in g  e x te n s iv e ly  
in  l a t t e r  c h a p te r s .  The in t e g r a l s  we w i l l  be u s in g  a re  o f  th e  form
I  = d3k 0 h ( 0 ) f  (k ) 1 .9
where 9 6 9 i s  th e  an g le  betw een k_ and
■ ' IS-^o
cos 0 = :—rr~ 1 .1 0 ,•k K0
F or a  n o n -z e ro  c o n t r ib u t io n  to  th e  i n t e g r a l  we r e q u i r e  t h a t  
b o th  Ik | and |k  | a re  g r e a t e r  th a n  kP ;""■p ir
1^.+ !il > ^  < I si -  kp! i . i i
K
where a_ i s  th e  same as b e fo re :  a  = - j -  .
I t  i s  c o n v e n ie n t to  c o n s id e r  two d i s t i n c t  c a s e s :
Case 1 kp > a  
Case 2 kp < a
Case 1 9 kp > a :  In  t h i s  c a s e 9 th e re  a re  no  a llo w ed  v a lu e s  f o r
  ...
k f o r  k < /kp 2 -  a 2 s in c e  e i t h e r  k + a  o r  k •• a  have m agnitude l e s s  
th a n  kp.
In  th e  re g io n  v^p2 -  a 2 < k < kp + a th e  a llo w ed  v a lu e s  o f  k_ 
f a l l  in  th e  a n g u la r  re g io n
-  a < cos 9 < + a
where
a2 +k2-kp2
a  = _  1 .12
-  12
For h ig h e r  v a lu e s  o f  k ,  k > k p + a* th e re  i s  no  r e s t r i c t i o n  on 
th e  v a lu e  o f  k s in c e  b o th  a_ + k ^  -  a_ have m agnitude g r e a t e r  th a n  k p .
Hence th e  i n t e g r a l  I  becom es:
Case 2 ,  a  > k p . In  t h i s  ca se  th e re  i s  no r e s t r i c t i o n  on th e
v a lu e s  o f  k_ i f  th e  m agnitude o f  k obeys th e  in e q u a l i t i e s
a + k p < k < a - k r  s in c e  th en  a  ± k_ i s  alw ays g r e a te r  th a n  k p .
In  th e  in te r m id ia te  ran g e  a + k p > k > a - k p  th e  a llo w ed  
v a lu e s  f o r  k_ f a l l  in  th e  a n g u la r  r e g io n
-  a < cos 0 < + cx
w ith  a th e  same a s  f o r  case  1 .
Hence th e  i n t e g r a l  I  becom es:
d (co s  0 )  h (0 )  ck2 f ( k )  + d (co s  e)
f  dkk2f ( k ) l 1 .1 3 .A
r
a -k
d (cos 0 )h (6 ) f dk l^fC k) + I d (co s  9 )h(0 )if dkk^f (k )
J 0
1 .1 3 .B
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l .C .  The Yamaguchi p o te n t i a l
For th e  pu rpose  o f  th e  p r e s e n t  work we choose th e  Yamaguchi 
p o t e n t i a l  30 f o r  th e  d e s c r ip t io n  o f  th e  n e u tro n -p ro to n  in t e r a c t i o n .
T his s im p le  n o n - lo c a l  b u t  s e p a ra b le  p o t e n t i a l  a cc o u n ts  f a i r l y  w e ll  
f o r  m ost p r o p e r t ie s  o f  th e  two n u c leo n  system  a t  low e n e rg ie s  * 
in c lu d in g  th e  p r o p e r t i e s  o f  th e  d e u te ro n . I t s  s im p le  form  e n a b le s  
us to  r e t a i n  a n a ly t i c  e x p re s s io n s  in  much o f ou r work and keeps th e  
d is c u s s io n  t r a n s p a r e n t .  The Yamaguchi p o t e n t i a l  has th e  fo llo w in g  
form  in  th e  momentum r e p r e s e n ta t io n :  •
1 .1 4
1 .1 5
1 .16
Where m i s  th e  n ucleon  mass and X i s  th e  o v e r a l l  s t r e n g th  o f  th e  
in t e r a c t io n ,  op and £n a re  th e  u s u a l  s p in  m a tr ic e s  f o r  th e  p ro to n  
and th e  n e u tro n  r e s p e c t iv e ly .  C (k )  and T (k )  a re  fu n c t io n s  o f  k = |]^j .
The s im p le s t  ch o ice  f o r  th e  fu n c tio n s  C (k )  and T (k )  c o rre sp o n d in g
to  a  p o t e n t i a l  w ith o u t a  lo n g  t a i l  in  th e  £  r e p r e s e n ta t io n  35 i s  th e  
fo llo w in g
C (k ) = — —  1 .1 7
32 +k2
_■+* v2
T (k ) = — T  1 .18
(y2+k2 )
where t s 3 and y  a r e  c o n s ta n ts .  I t  sh o u ld  be  n o te d  t h a t  th e  te n s o r  
fo rc e  i s  a t r a c t i v e  f o r  p a r a l l e l  nu c leo n  s p in s  and g iv e s  a  p o s i t i v e
V (k ,k )  = -  — g (k ) g ( k v)np m °  0 —
g (k )  = C (k ) t  S (k )  T (k )
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v a lu e  f o r  th e  q uad rupo le  moment o f  th e  d eu te ro n  i f  t ,  th e  r e l a t i v e  
D -s ta te  s t r e n g t h 5 i s  p o s i t i v e .
The p a ram e te rs  o f  th e  Yamaguchi p o t e n t i a l  a re  chosen  to  be 
such a s  to  rep ro d u ce  c o r r e c t ly  th e  observed  p r o p e r t i e s  o f th e  d eu te ro n  
and th e  low energ y  d a ta  f o r  th e  n u c leo n -n u c leo n  s c a t t e r i n g .  N eu tron-  
p ro to n  s c a t t e r in g  can b e  d e s c r ib e d  f a i r l y  w e ll  w ith  t h i s  p o t e n t i a l  f o r  
e n e rg ie s  up to  100 MeV. In  f a c t  f o r  e n e rg ie s  below  20 MeV th e  c e n t r a l  
p a r t  o f  th e  in t e r a c t io n  a lo n e  ( t  = 0) i s  a d e q u a te . The c o n t r ib u t io n  
o f  th e  D -s ta te  i s  more im p o rta n t a t  h ig h e r  e n e rg ie s  30 5,35. We th e r e f o r e  
e x p e c t th e  Yamaguchi p o t e n t i a l  to  be u s e f u l  in  d e u te ro n -n u c le u s  
s c a t t e r in g  f o r  d e u te ro n  in c id e n t  e n e rg ie s  no h ig h e r  th a n  200 MeV. We 
have a l s o  used  t h i s  p o t e n t i a l  f o r  h ig h e r  e n e r g ie s ,  becau se  we do n o t  
e x p e c t th e  e s s e n t i a l  f e a tu r e s  of. th e  e f f e c t s  under s tu d y  h e re  t o  
a l t e r  q u a l i t a t i v e l y  by e r r o r s  in tro d u c e d  in  t h i s  way.
I f  th e  te n s o r  p a r t  o f  th e  in t e r a c t io n  i s  n e g le c te d 5 ( t  = 0 ) 3 
a  number o f  v a lu e s  f o r  X and 3 can be found which rep ro d u ce  c o r r e c t ly  th e  
v e ry  low energy  s c a t t e r in g  d a ta  f o r  th e  n u c le o n -n u c le o n  system  17 .
T his freedom  o f  ch o ice  f o r  th e  p a ra m e te rs  o f  th e  Yamaguchi 
p o t e n t i a l  d is a p p e a rs  when th e  te n s e r  p a r t  o f  th e  in t e r a c t io n  i s  
r e t a in e d .  There i s  o n ly  one s e t  o f  p a ra m e te rs  f o r  a g iv en  D -s ta te  
p r o b a b i l i ty  which a cc o u n ts  c o r r e c t ly  f o r  th e  observed  d e u te ro n  p r o p e r t i e s  
and th e  low energ y  n u c leo n -n u c leo n  s c a t t e r i n g  d a ta .  However th e  D - s ta te  
p r o b a b i l i t y  i s  one o f  th e  l e a s t  known p r o p e r t i e s  o f  th e  d e u te ro n  w ith  
a  v a lu e  t h a t  can l i e  anywhere betw een 3% and 10% 3 5 .
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CHAPTER 2
FORMULATION OF THE PROBLEM
D e riv a t io n  o f  th e  e ig e n v a lu e  e q u a tio n
L e t us c o n s id e r  a  d e u te ro n  p ro p a g a tin g  th rough  f r e e  space  w ith
c e n tre  o f  mass momentum K .. I t s  w av efu n c tio n  in  th e  momentum r e p r e -—o
s e n ta t io n  i s  g iv e n  by
^ ( k 9 k 5 s p in )  = 6(k  -  Kg) <|>(k) 2*1
where Xj™ ih e  t r i p l e t  s p in  f u n c t io n .  The w av efu n c tio n  f o r  th e  
r e l a t i v e  m o tio n , <Kk), s a t i s f i e s  th e  S ch ro d in g er e q u a tio n
s i l
M M , * 0 0  Xj® = f d ^ ' V ^ k . k ' )  * ( k ')  2 .2
We use u n i t s  such t h a t  fi = M = 1 , energy  h as  d im ensions o f  
length™2 , and th e  co n v ers io n  f a c t o r  i s  1 fm'*2 = 41 .5  MeV.
&fsWhere M i s  th e  n ucleon  mass and i s  th e  b in d in g  en e rg y  o f  th e  
d eu te ro n  in  f r e e  s p a c e . I f  th e  Yamaguchi p o t e n t i a l  i s  assum ed f o r  th e  
n e u tro n -p ro to n  in t e r a c t i o n ,  th e  S ch ro d in g er e q u a tio n  becomes
X g (k )  r
* (k ) x “  = ----------  d 3k 'g ( k ! ) (J>(k') Xi 2 .3
“  Ai +kz '  ~
The above e q u a tio n  i s  a  3 x 3 m a tr ix  e q u a tio n  b ecau se  o f  th e  
form  o f  g (k )  (e q u a tio n  1 .1 5 )
C ) f
L ( k )  I  Z-. f d 3k f g ( k ’ ) (f)(kJ )
I “  A2 J “  “  .+k2fs
where I  i s  th e  u n i t  3 x 3  m a tr ix .
Xjm = 0 2 . it
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L et us now c o n s id e r  th e  same d eu te ro n  p ro p a g a tin g  th ro u g h  n u c le a r  
m a tte r .  Assuming t h a t  n u c le a r  m a tte r  i s  a d e q u a te ly  d e s c r ib e d  by th e  
F erm i-gas model we can acco u n t f o r  th e  e f f e c t  o f  th e  P a u l i  e x c lu s io n  
p r in c i p le  by p r o je c t in g  o u t th e  fo rb id d e n  momenta in  th e  d e u te ro n
A
w avefunction  w ith  th e  a id  o f  th e  o p e ra to r  0 .
We w r ite  f o r  th e  S ch ro d in g er e q u a tio n  
0(A2+ k 2 ) 4,(!<)Xjm = X d 3k '0  g(k_) g (k / ) <Mk_')Xim
0 $ (k )Xlra = 0  C
“  1 A2+ k 2 m
„ X g (k )
where
C =m d 3k 0 g (k )  <f>(k) x
m
2 . 6
2 .7
2 .5
We have u sed  th e  g e n e ra l p ro p e r ty  o f  a p r o je c t io n  o p e r a to r 9 P 
P2 = P T . 8
The e lem en ts  o f th e  column m a tr ix  C a re  numbersm
S u b s t i tu t in g  2 .6  in  2 .7  we g e t
C = Xm
a g (k )g (k )
d 3k 0 -----    C
A2+k2 m
2 .9
Hence f o r  a s o lu t io n  we r e q u ir e
d e t I  ~ X
f A g (k )g (k )  
d3k 0 -------------- = 0 2 .1 0
A2 + k2
t h i s  i s  ou r e ig e n v a lu e  d e te rm in a n t.
-  17 -
As we m entioned  e a r l i e r  th e  s im p le s t  p h y s ic a l ly  sound form fo r  
g (k )  i s
g ( k )  = C(k) + ^g-T(k)  S (k )
w ith
S(k) = (of.k)(2_n .k) -  (of .a11)
With t h i s  ch o ice  f o r  g(k). we have:
g ( k ) g ( k ) = C?(k)  X + - f a  C(k) T(k)  S (k)  + ~  T2 ( k )  S (k )  S (k)  2 . 1 1
S (k )  S (k)  = -S- (0  p 'k ) 2 (an *k)2 + (o^ .o11)2 — ( o ^ - k X o f ' k ) ( o f  * o f )
k1* ~  p2
- ( 0p -£n ) ( 0 p - k) ( an -k)  2 .12
Using th e  i d e n t i t y  f o r  th e  P a u li  sp in  m a tr ic e s :
<£#y  < £ * y  = + 1 x E> 2 -13
< a - k ) ( a - k )  = k2 2 .1 4
. \  -&■ (ap - k ) 2 (crn *k)2 = g 2 .1 5
k 1*
a ls o
= £(2?*y + x y-^sL^y 2.16
Using th e  f a c t  t h a t  £P 9 c^1 and k a re  commuting v a r ia b le s  and th e  i d e n t i t y :
A-(B x C) = B• (C x A) 2 .17
£p . (£n x k )  = £n -(k x £P ) 2 .18
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.* .  (ap .gn ) ( a p .k ) ( a n .k )  = (an .k ) 2 + i  an -(k  x ap ) (a n .k )
= k2 + i ( k  x £p ) .k  -  an .(k  x ap ) x k 2 .19
The second te rm  o f  th e  l a s t  p a r t  o f  th e  above e q u a tio n  i s  i d e n t i c a l l y  
z e ro . We use  f o r  th e  l a s t  te rm  th e  i d e n t i t y :
(A x B) *  c  = (A .C >  B -  (B .C )  A 2 . 2 0
£n * 0 i x £P > * k = ^£n , £? )  k2 + ^£n ' y ^ ? * k ) 2 *21
-  J L  (cp -an ) ( c p ”k ) ( a n -k) = -  3 + 3 (an -ap ) -  ~  (an -k )(£ P -k)
2 . 22
S im ila r ly :
— — (cp *k)(an *k)(an »aP ) -  -  3 + 3 (ap »an ) ~ (a p »k)(an *k) 
k2   k2
2 .23
Now:
(£p -an ) (a p -an ) = on -on + i  £P -(a n x cn ) = 3 -  2 (c p -on ) 2 .2 4
Hence:
S (k ) S (k ) = g -  3 -  3(an *ap ) — — (an « k )(ap *k) -  3 + 3 (a p » ^ )
~  k2 “  ~
-  —  (a p -k ) (c T1-k) + 3 -  2 (c p *an ) 2 .25
k2 “
S(k) S (k ) = 2[3  -  S (k) + cP -an ] 2 .26
f o r  a  t r i p l e t  s t a t e  of* o f = 1 2 .2 7 .A
f o r  a  s i n g l e t  s t a t e  ap *an = ** 3 2 .2 7 .B
The te n s o r  o p e ra to r  S (k ) can a l s o  be w r i t te n  a s  37
where
Now
and <J)
S (k) = 2 [3 ( S .k ) 2 -  S2 ] 2 .2 8
£  = ~  (ap + c/1) 2 .29
6 (S *k)2 = 6(S  s in  0 cos <f> + S s in  0 s in  $ + S cos 6 ) 2 2 ,3 0— x y z
S q uaring  and c o l l e c t in g  term s w ith  th e  same dependance on 6 
we g e t
6 (S -k )2 = |  s i n 2 8 e 2i(|’[ s |  -  S2 -  i ( S x Sy + Sy SX)J
+ 3 s in  0 cos 9 e [(S  -  i  S )S + S (S -  i  S )]x y z z x y
+• 6 S2 co s2 0 + 3(S2 + S2 ) s in 2 9x x y
+ 3 s in  0 cos 0 e ^ [ ( S  + i  S )S + S (S + i  S )]x y z z x y
+ |  s i n 2 0 e ' 2i(|,[S2 -  S2 + i ( S x Sy + Sy  Sx >] 2 .3 1
I d e n t i f y in g  th e  S p h e r ic a l Harmonics o f  ran k  2 9 and th e  v e c to r  
and T ensor o p e ra to rs  o f  p o in t  2 9‘’T2 c o n s tru c te d  o u t o f  th e  s p in  
components
- 20 -
= /EY20 = ' i k  <3 COsZ 6 -  1) 2 - 34
2 .3 5 .A
^ 1 -1  r  = W  (S x ~ 2 .35 .B
S in = S = S 2 .3 5 .Ci u \j z
72 ± 2 = S S l  2 - 36,A
T2 ± l = / l  (S + Sz + Sz S± } ?- 36-B
T20 = ^ ( 3 S1 -  S2)  2 - 36-C
W ith th e  above and th e  d e f in i t i o n  f o r  th e  te n s o r  s c a l a r  o ro d u c t
, ko *k-qq=~k
we have
_ /  32ir ( t( 2 ) -Y(2 )S(k) = /  — ■ ( T ^ ' - Y ^ O  2 .3 8— O
( 2 ) .W ith T th e  i r r e d u c ib le  te n s o r  o p e ra to r  c o n s tru c te d  o u t o f  th e
( 2 )s p in  one o p e ra to rs  and Y th e  s p h e r ic a l  Harmonic o f  ran k  2 c o n s tru c te d  
o u t o f  th e  d i r e c t io n s  o f  k .
We now d e f in e  th e  b a s is  v e c to rs  f o r  th e  s p in  o p e r a to r s .  We 
d e f in e  as o u r b a s is  v e c to rs  th e  v e c to rs  x. # Xn and x such  t h a t
T  u —
-  21 -
z A0
m a tr ix
= X+
II o X o
A X Is*Ix »> = V $ t 2 .39Z 1Ay ? K p p ?
= ~ X.
"
Hence th e  o p e ra to r 5Z in  t h i s  r e p r e s e n ta t io n  i s  g iv en  by th e
1 0 0 '
S = 0 0 0 2 .4 0z
> 0 0 - 1  ,
S2 = 21 2 .4 1
We w i l l  be concerned  l a t e r  on w ith  th e  o p e ra to r  T h is
o p e ra to r  i s  r e p re s e n te d  in  th e  above r e p r e s e n ta t io n  by th e  m a tr ix
1 0 0
T20 = - k  (3  S!  - C
O to ' II
to
jn 0 -2 0 2 .42
0 0 1 ,
F in a l ly  we can w r i te
g (k )g (k )  = |C2 (k )  + T2 (k ) / 3 2 £  f  C(k)T(k)_ _ T2 ( k ) T (T(2 )  y (2 )5 L >2 4 J  
2 .43
S u b s t i tu t in g  th e  l a s t  r e s u l t  i n t o  th e  e ig e n v a lu e  d e te rm in a n t 
2. 10  we g e t
Tu -d e t  (1  -  X I„ )  I  + X I ,  = 0
where
= /  d3k
q (C2 (k)+T2 (k ) )
A2 +k2
2 .4 4
2 .45
-  22 -
h - / ™ [  d3k 0 (T (2  ^.Y(2 >) - I M  [ 2 .46
Choosing th e  d i r e c t io n  o f  p ro p a g a tio n  o f  th e  d e u te ro n , k Q, as
A
th e  z -a x is  th e  o p e ra to r  0 becomes in d ep en d en t o f  th e  a n g le  <j>. Hence th e
( 2 ) ( 2 )o n ly  te rm  in  th e  te n s o r  s c a l a r  p ro d u c t (T »Y ) t h a t  c o n t r ib u te s  to  
th e  i n t e g r a l  I I i s  th e  T2Q Y2Q te rm .
Hence we can l e t
r p ( 2 )  y ( 2 )  m y
20 20 2 .1+7
With t h i s  ch o ice  f o r  th e  z -a x is  I j  re d u c e s  to
where
h  s  T20 l h  ~ 4  Xs l
I = f d3k 6 -C~--- -T--k— (3 oos20 -  1 )
2 J A2tk2
I ,  = f d3k 6 - 2- k ) ' (3 cos28 -  1)
3 J a2+k2
Thus th e  e ig e n v a lu e  d e te rm in a n t becomes
2 .4 8
2 .49
2 .5 0
where
!a o o i
d e t 0 B 0 I = 0 2 .5 1
-p 0 A J
r I  i  1
A = 1 * X
3 2
I o + T  '  72 = 1 -  X (IQ + I D) 2.52
B = 1 -  X i .  -  - I -  + &  i . = 1 - -  2V
w ith
I 3 12
h  = T  " 72
2 .53
2 .5 4
- 23 -
Hence th e  so lu tio n is  o f  th e  e ig e n v a lu e  d e te rm in a n t a re
h + h
o r
1X = I  -21 
0 D
S p e c i f ic a t io n  o f  th e  d eu te ro n  s p in  makes one o f  th e  s o lu t io n s
r e d u n ta n t .  From e q u a tio n s  2 .7*  2 .8  and 2 .1 0  we se e  t h a t  i f  th e
d e u te ro n  sp in  i s  p a r a l l e l  o r  a n t i p a r a l l e l  t o  th e  d i r e c t io n  o f  m otion  
m» (Xi = X . o r X )s "the s o lu t io n  i s  0 1 +
X = = - i = -  2 . 5 5 . A
0 D
i f  th e  d eu te ro n  s p in  i s  p e rp e n d ic u la r  to  k Q (x,‘ = Xq ) ’the s o lu t io n  i s
X = 2 . 5 5  .B
0 D
We c o n c e n tra te  now on th e  a n g u la r  dependence o f  th e  i n t e g r a l s  
I Q and I p .  These i n t e g r a l s  have th e  same form as th e  i n t e g r a l  1 .9
I = J  d 3k 0 h ( 0 ) f ( k )
The a n g u la r  dependence o f  I Q i s  p a r t i c u l a r l y  s im p le .  The fu n c t io n  
h ( 0 ) i s  e q u a l t o  one.
k2d k f ( k )  2 .5 6I 0 = 27T 0 d (co s  9)
The a n g u la r  dependence o f  Ip  comes th ro u g h  th e  fu n c t io n
h (6 ) = (3 cos2 0 - 1 )
- 2lf -
We o b serv e  h e re  t h a t
C
d (co s  0 )(3  cos20 -  1 ) = 0 2 .57
Hence u s in g  e q u a tio n s  1 .1 3 .A and 1 .1 3 .B
I D = 2TT
f+cr
dx(3x2 -  1 ) I dk k2F (k ) 
-a  ■'n
I  = 4tt [ d k (a 3 -  cr)k2F (k )
where
v = kp + a
U = -  a2 i f  a < k,
2 .58
2 .59
2 .6 0
2 .6 1 .A
i f  a  > k, 2 .6 1 .B
a i s  d e f in e d  th ro u g h  e q u a tio n  1.12
a =
a 2 +k2 -k |, 
2ak
and
F (k) = — —  
A2+k2
T O O  C(k) '  
4 “ "72“ 2 .6 2
The e ig e n v a lu e  d e te rm in a n t o r a l t e r n a t i v e l y  e q u a tio n  2 .5 5 .A and 
2 .55 .B  s p e f ie s  th e  b in d in g  energy  o f  th e  d e u te ro n . We can e a s i l y  se e  
from  th e se  e q u a tio n s  t h a t  th e  d e u te ro n  b in d in g  energy  i s  n o t  u n iq u e . 
I t  depends on th e  r e l a t i v e  o r i e n t a t i o n  o f  th e  s p in  and c e n t r e  o f  mass 
momentum. T his e f f e c t  d is a p p e a rs  w henever th e  i n t e g r a l  Ip  v a n is h e s .  
There a re  two such  c a s e s .
- 25 -
The f i r s t  c a se  o ccu rs  when th e  a n g u la r  p a r t  o f  th e  i n t e g r a l  1^ 
i s  s p h e r ic a l ly  sym m etric ; t h i s  fo llo w s  from  e q u a tio n  2 .5 8 . One such  
ca se  i s  th e  d e u te ro n  in  f r e e  space  5 a s  one m igh t e x p e c t . In  t h a t  c a se
A
th e  o p e ra to r  0 i s  th e  u n i t  o p e ra to r .
The second ca se  occu rs  when th e  D -s ta te  o f  th e  d e u te ro n  i s  n e g le c te d .  
In  t h i s  case  th e  i n t e g r a l  I ^  i s  i d e n t i c a l l y  z e ro . The e f f e c t  we exam ine 
i s  th e r e f o r  a  d i r e c t  consequence o f  a  D -s ta te  p a r t  in  th e  d eu te ro n  
w a v e fu n c tio n .
2 .B . E v a lu a tio n  o f  th e  p a ra m e te rs  o f  th e  Yamaguchi p o t e n t i a l
The p ro ced u re  f o r  th e  e v a lu a tio n  o f  th e  p a ram e te rs  o f  th e  Yamaguchi 
p o t e n t i a l  we d e s c r ib e  below  was p roposed  by Yamaguchi 3 0 .
The e ig e n v a lu e  d e te rm in a n t f o r  a  d e u te ro n  p ro p a g a tin g  th ro u g h  
f r e e  space  h as  a un ique s o lu t io n :
i  = I_ = 4ir | — — -  (C2 (k )  + T2 (k ) )  2 .63
X ° J o A |s+k2
The fu n c tio n s  C(k) and T(k) a re  d e f in e d  by e q u a tio n s  1 .1 7  and 
1 .1 8 . With th e se  fu n c tio n s  2 .63  becomes
—  + f - ^ 2±L4xtr2i l  2>64
’~ {3(A+8) Sy CA+Y)1* *“
we have dropped th e  s u b s c r ip t  f s  f o r  A.
The c o n s ta n t  A i s  found from th e  e x p e r im e n ta l v a lu e  o f  th e  b in d in g  
energy  o f  th e  d eu te ro n  in  f re e - s p a c e  t o  be
A = 0.2316 fn f* 2 .65
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The d eu te ro n  D -s ta te  p r o b a b i l i t y ,  P ^ , i s  g iven  by 30
p _ t 2 (5A+y) 1 , ^ ( s a + y ) +   —
D 8y (  A+y ) 5/  L Ag ( A+3 ) 3  8y (A+y ) 5
2.66
From th e  l a s t  e q u a tio n  and th e  e q u a tio n  f o r  th e  s c a t t e r i n g  
le n g th , a ,
1 _ A8(A+28) , t 2A23^(A2+4AY+Y2 )—  +   • ■    2 . 0 /
“  2 (& + B )2 16 Y3 ( A + y ) 11
we g e t  e l im in a t in g  t
2 (1 -P d )
PD
a+b" 3 ~ 1 3(A+28) " .  a+y r
I 3 J - aA 2(A+8)2 - Y(5A+y ) L
( a +y ) 2 2 . 68
T his i s  a  t h i r d  o rd e r  e q u a tio n  in  Y* For a  g iv en  v a lu e  f o r  P^ 
and 8 we g e t  one r e a l  v a lu e  f o r  y .  With th e s e  v a lu e s  f o r  8 and y t  can 
be e v a lu a te d  from  e i t h e r  2 .66  o r  2 .6 7 . F in a l ly  from  2 .6 4  we o b ta in  X.
The q uad rupo le  moment o f  th e  d e u te ro n , Q, i s  g iven  by 30
q -  F --------L l ------- - (a 8 2 (5A2+4A8+32 )+8y(10A3+33A2 +22A82+583 )
lOCA+a) 4 1 (8+Y)2 (A+Y) l
+ Y2 (5A3+22A28+33A82+1083) + Y3(A2+4A8+582 ) |
-  i A ( 8 +y ) 3+^ (A 2 +8y ) ( 3 2 +38 y +Y2 ) + 1 6 A 8 Y ( 3 + Y ) r/ v J(8 + y ) (A + y )
+ -------------2-----------A+ Y ) 3+ 4 ( 8 2+Ay ) ( A 2 +3Ay +Y2 ) + 1 6 A 8 Y (A + Y ) f
( 8+Y a + y )  3 1
Tr2M2 t 2 (7A 3+43A2Y+91AY2 +33Y3 ) 0
" ' , , IB7I _ . -  i i n -i-i i t— ■ r - J
160 y3 (A+y) 7
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where
n -2 = nZ /   i  + l liP .A V i l  1 2 .7 0
** A8 (A+8 ) 3 8 y ( A + y )  J
The d e s i r e d  p a ra m e te rs  a re  th e n  o b ta in e d  by v a ry in g  8 u n t i l  th e
p a ra m e te rs  8 9 y 9 t  and X g iv e  f o r  Q th e  e x p e rim e n ta l v a lu e  o f  th e
q uad rupo le  moment, Q . The e x p re s s io n  f o r  Q in  Yamaguchifs p a p e r ,exp
r e f .  30 , i s  w rong, becau se  th e  f a c t o r  A-" 1 t o  th e  r i g h t  o f  ou r f i r s t  
le f t - h a n d  b ra c k e t  i s  m is s in g .
For v e ry  low v a lu e s  o f  8 Q i s  n e g a t iv e .  I t  in c re a s e s  as  8
in c re a s e s  p a s s in g  th ro u g h  zero  and Q , re a c h e s  a  maximum and6Xm
d e c re a se s  p a s s in g  ag a in  th rough  Q and f i n a l l y  becom ing n e g a t iv eexp
a g a in . For a  g iven  D -s ta te  p r o b a b i l i t y  we g e t  two s e t s  o f  v a lu e s  f o r  
th e  p a ram e te rs  s a t i s f y i n g  th e  low energy  s c a t t e r i n g  d a ta  and th e  
ob served  p r o p e r t i e s  o f  th e  d e u te ro n . The second  s e t  however i s  r e j e c t e d  
because  i t s  v a lu e  f o r  y  co rresp o n d s  to  a  ran g e  f o r  th e  D -s ta te  p a r t  
o f  th e  i n t e r a c t io n  o f  ab o u t 10 fm. T his i s  an u n re a so n a b le  number 
becau se  th e  g e n e ra to r  o f  th e  lo n g -ra n g e  p a r t  o f  th e  n u c le a r  i n t e r a c t i o n ,  
th e  p io n  exchange p ro c e s s ,  has a  maximum ran g e  o f  ab o u t 1 .5  fm .
We th e r e f o r  have a  unique s e t  o f  p a ra m e te rs  f o r  th e  Yamaguchi 
p o t e n t i a l  f o r  a g iven  D -s ta te  p r o b a b i l i t y .
Table 1 l i s t s  th e  v a r io u s  q u a n t i t i e s  we used  f o r  th e  d e te rm in a tio n  
o f  th e  p a ra m e te rs  o f  th e  Yamaguchi p o t e n t i a l .
T able 2 i s  a  l i s t  o f th e  p a ra m e te rs  f o r  a  number o f  D -s ta te  
p r o b a b i l i t i e s .
- 28 -
T ab le  1
A = 0.2316 fm" 1 
a = 5 .378 fm 
Q = 0 .27394 fm2
Table 2
D -s ta te  E f f e c t iv e
^ a b il i ty
9-t)
ran g e  r Q 
(fm )
B (fn f1 ) yCfm”1 ) X t
1 1.704206 1.4151 0.6773 0.382 0 .1124
2 1.704823 1.3877 1.0758 0 .3422 0,4701
3 1.703723 1.3607 1.3369 0.2979 0 .9946
4 1,702303 1.3345 1.5365 0 .254 1 .6634
5 1.700725 1.309 1.7007 0.2138 2.4673
6 1.699020 1.2842 1.8408 0.1786 3 .4 0 1
7 1.697188 1.2601 1 .9632 0.1487 4.4625
8 1.695237 1.2366 2.0721 0.1238 5.6522
9 1.693149 1.2137 2 .1701 0.1032 6.9706
10 1.690916 1.1913 2.2593 0.08622 8.4194
2.C . D e ta i ls  o f  th e  c a lc u la t io n
With th e  fu n c t io n s  C(k) and T (k ) as  d e f in e d  by e q u a tio n s  1 .17  
and 1 .18  th e  i n t e g r a l s  o f  th e  e ig e n v a lu e  d e te rm in a n t become
fV r  k2 + t 2k6 *1
•'y A2 +k2 ^ - (32^ 2 ^  (y2+k2 ) l f -‘
where
I Q = I Q -  S + 4tt j j  - ------  + — — — -  I dk 2 .7 1
: -  f  d3k f  1  + k1* 1 _ ^2 f  1  + t 2 ( 5A2 -h^Ay-hy2 )
0 A2 +k2 ^ -(32+k2 ) 2 ( y2 +k2 ) l f L 3 ( a+3 ) 2 y (A +y)4
2.72
S = 0 i f  a > kp
S =
2 .73
| *2 , t 2 *6 1  , f k  > a
0 A2 tk 2 u (82 +k2 )2 (Y2 +k2 )** ^
, / r .y = /k p  -  a2 i f  kp > a
y = a  -  kp i f  a  > kp
v = a  + kp
Hence I Q can be w r i t t e n  a s  a  sum
I n = I A -  4ir 0 0 { j ,  X01 f 0 i  <kF> a > } 2 -W^1 = 1 J
where
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f  = t 2 i f  > a05 £
f  = 0  i f  a  > k T:,05 F
f  — t 2f  06 02
f  — f  07 03
f  — t 2f08 0*t
The in t e g r a l s  a re
T _ r ______k &
J n•'O (A2+k2 ) (0 2+k2
^02
I 03
fV k dk
■ f
y ( A2+k2 ) (02+k2 Y"-
** k2 dk 
y (A2+k2 ) ($ 2+k2 ) 2
k 3 dk
0k 'y  (A2+k2 )(g 2+k2 ) lf
P k 6 d k ____
0 (A2 -hk2 ) (y 2+k2 )**
k 5 dk
I 05
*1106 *y (A2+k2 ) (y 2+k2 ) lt
. f07 J
j  _ i k6 dk
y (A2+k2 ) (y 2+k2 )**
rv
I Q8
k 7 dk
fy (A2+k2 ) (y 2+k2 ) 
The in t e g r a l s  I 0 and I 9 a re
I  = -  Iurt f  -— ----------------- ~  2 .75
V  (A2+k2 )($ 2+k2 ) (y 2+k2 )
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_ dk k 6 ( a 3- a )
0 “ ^  I 9 , 9 w  V  'o &  2 .76I n  =  ^ t 2 C'y (A2+k2 ) ( y 2+k2 )
Using 1 .12  f o r  a
1+
3 1 v „ . 2n~5a 3 -  a = —  l  F k
8a 3 n = l
v iiere
^  = ’  T F  { I  f 2n(k F ’a > X2n * 2 ’ 792a 3 v n = l
where f„  = F 2n n
_ fv dk k 2n - l
2n i  y ( A2 +k2 ) ( ,62 +k2 ) (y2 +k2 )2
where
f 3n s  Fn
I 3n
fy dk k2n+1
y ( A2+k2 ) (y 2+k2 )
2 .7 7
F. = (k 2 -  a 2 ) 3 2 .7 8 .A1 r
Tn = ( a 1* + 2a2 k2 -  3k£) 2 .7 8 .B
2  £ t
Fa = ( a 2 + 3k2 ) 2 .7 8 .C
F, = -  1 2 .78 .D
Hence th e  i n t e g r a l s  1% and 1$ can a l s o  be expanded
2 .80
{ I  f 3n(k F ’a > J 3n } 2 ‘ 81v n = l J
2.82
A ll  th e  in t e g r a l s  o f  th e  e ig e n v a lu e  d e te rm in a n t can t h e r e f o r  be 
e x p re s se d  in  term s o f  s im p le  i n t e g r a l s  o f  th e  form
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dk kX
a (62+k2 )(B2+k2 )m(Y2+k2 )n
w ith
in = 0 , 1 o r  2 s ;n = 0 , 1 5 3 o r  4
and X = 1 9 2 j . .  o r  (2m + 2n + 1)
Each o f  th e s e  i n t e g r a l s  can be  expanded by p a r t i a l  f r a c t io n s  
i n to  i n t e g r a l s  o f  th e  form
These in t e g r a l s  can th e n  be e v a lu a te d  a n a l y t i c a l l y .
Our b a s ic  assum ption  i s  t h a t  th e  n e u tro n -p ro to n  i n t e r a c t i o n  in  
a  n u c le a r  medium i s  o f  th e  same form  a s  th e  c o rre sp o n d in g  in te ra c t io n  in  
f r e e  sp a c e . The on ly  m o d if ic a t io n s  to  th e  in t e r a c t io n  come a b o u t 
th ro u g h  th e  P a u li  e x c lu s io n  p r i n c i p l e .  E f f e c ts  due to  t a r g e t  e x c i t a t i o n  
a re  n o t  c o n s id e re d  in  th e  p r e s e n t  work.
For a  g iv en  D -s ta te  p r o b a b i l i t y  th e  p a ra m e te rs  o f  th e  Yamaguchi 
p o t e n t i a l  a r e  f ix e d .  These p a ra m e te rs  a re  u sed  f o r  g iv en  v a lu e s  o f  kp 
and a_ to  o b ta in  th e  s o lu t io n  o f  th e  e ig e n v a lu e  d e te rm in a n t. For t h i s  
pu rpose  A i s  v a r ie d  u n t i l  e q u a tio n  2 .5 5 .A o r 2 .5 5 .B  g iv e s  th e  c o r r e c t  
v a lu e  f o r  th e  o v e r a l l  s t r e n g th  o f  th e  n e u tro n -p ro to n  in t e r a c t i o n  X.
The in t e g r a l s  a re  so lv e d  a n a l y t i c a l l y 9 a s  d e sc r ib e d  e a r l i e r a and 
n u m e ric a l ly .  One method i s  u sed  as  a  check f o r  th e  o th e r .
a  (c2+k2 )^
with X = 0 o r  1 s c = c o n s ta n t
and = 1 9 2 o r 3
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2.D . The d e u te ro n  a t  r e s t  in  n u c le a r  m a tte r
We now c o n s id e r  th e  l im i t in g  ca se  o f  a  d e u te ro n  p ro p a g a tin g  
th ro u g h  n u c le a r  m a tte r  w ith  a  v e ry  sm a ll c e n tr e  o f  mass momentum
I a | . «  A s 6 s Y
In  t h i s  c a se  te rm s o f  th e  form
(A2 +k2 )n  s (fi2 tk 2 )n  , (Y2 +l<2 )n
can be assumed c o n s ta n t  betw een k = -  a2 and k = k „  + a .  With
t h i s  assum ption  th e  i n t e g r a l s  3  ^ and I 3 become
kF+a
. . I  dk{(k2 -a2 )k+( a W k 2F-3k'pk;
2a3 ( A%kF )(S 2 +kp )(Y 2 +kp) U  ^ 2 1 J
+ (a2 +3kp )k5 -k 7j
irtC a+kp )3 (3kP-2 a )a
*2 = ------------~  2  f ..." - ~ 2~  2 ' 83a+0  3 +kp) (3 +kp) (Y +kp)
S im ila r ly
i t t2 ( a+kp )** ( 3k p -0 . 8k„a+0 ,2k2 )a
T .  .-----------L - -----1---- 1 ----------------- 2 .84
ar>0 3 ( A ^ + k p ) ( Y 2 + k | )
The in t e g r a l s  I2 and I 3 th e r e f o r  v a n ish  when th e  d e u te ro n  i s  a t  
r e s t  in  n u c le a r  m a t te r .  The b in d in g  en erg y  o f  th e  d e u te ro n  i s  th e n  
d e g e n e ra te . T his i s  to  be ex p ec ted  b ecau se  when a  goes t o  ze ro  we 
can n o t d e f in e  th e  r e l a t i v e  an g le  betw een a  and th e  d i r e c t io n  o f  th e  
s p in  o f  th e  d e u te ro n .
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The i n t e g r a l  I Q in  t h i s  l im i t in g  ca se  i s
xo = h  -  ** f F~a—r—+ 2 - 85^0 A2+k2 J- ($^+k^) (y^+k^) J
w ith  I Q d e f in e d  by e q u a tio n  2 .7 2 .
The e ig e n v a lu e  d e te rm in a n t re d u c e s  f o r  t h i s  p a r t i c u l a r  ca se  to
r = I o 2-86
The l im i t in g  ca se  we examine h e re  can be r e a l i z e d  f o r  n u c le a r  
m a t te r .  I t  i s  however an u n p h y s ic a l s i t u a t i o n  when one c o n s id e rs  
d e u te ro n -n u c le u s  s c a t t e r in g *  because th e  d eu te ro n  needs some i n i t i a l  
momentum to  g e t  in s id e  a r e a l  n u c le u s .
CHAPTER 3
THE.DEUTERON IN NUCLEAR MATTER
'3.A . Some u s e f u l  d e f in i t i o n s
We have seen  in  c h a p te r  2 t h a t  th e  s o lu t io n  o f  th e  e ig e n ­
v a lu e  d e te rm in a n t,  e q u a tio n  2 .5 5 , depends on th e  r e l a t i v e  an g le  
betw een th e  d eu te ro n  c e n t r e  o f  mass momentum and d eu te ro n  s p in .
We now w ant to  examine how s tro n g ly  v a r io u s  p r o p e r t ie s  o f  th e  
d e u te ro n , l i k e  i t s  b in d in g  e n e rg y , depend on t h i s  r e l a t i v e  a n g le .
I t  i s  c o n v e n ie n t to  d e v ise  two ’’s t a t e s ” f o r  th e  d eu te ro n  when i t  
p ro p a g a te s  th rough  n u c le a r  m a t te r .
We name th e  ’’s t a t e ” o f  th e  d eu te ro n  p a r a - s t a t e  i f  th e  d e u te ro n  
c e n tr e  o f  mass momentum i s  p a r a l l e l  o r  a n t i p a r a l l e l  to  th e  d e u te ro n  
s p in .  Q u a n ti t ie s  a s s o c ia te d  w ith  t h i s  s t a t e  w i l l  b a re  th e  su b ­
s c r i p t  ± , o r  ± 1 , e .g .  th e  b in d in g  energy  o f  th e  p a r a - s t a t e  w i l l  be 
sym bolized  by BE+ o r BE+^ .
When th e  d eu te ro n  c e n tre  o f  mass momentum i s  p e rp e n d ic u la r  
to  th e  d eu te ro n  sp in  th e  s t a t e  o f  th e  d e u te ro n  i s  named o r t h o - s t a t e . 
Q u a n ti t ie s  a s s o c ia te d  w ith  t h i s  s t a t e  w i l l  b a re  th e  s u b s c r ip t  0 , 
e .g .  th e  b in d in g  energy  o f  th e  o r th o - s t a t e  w i l l  be sym bolized  by BEQ.
We w i l l  o f te n  want to  compare v a r io u s  p r o p e r t ie s  o f  th e  d e u te ro n  
in  n u c le a r  m a tte r  w ith  th e  co rre sp o n d in g  p r o p e r t i e s  o f  th e  d e u te ro n  
in  f r e e  s p a c e . R a tio s  o f  q u a n t i t i e s  in  .n u c le a r  m a tte r  to  th o s e  in  
f r e e  space  w i l l  c a r ry  a  c irc u m fle x  o v er th e  a p p ro p r ia te  sym bol e . g .
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The b in d in g  energy  o f  th e  d eu te ro n  in  n u c le a r  m a tte r
The dependence o f  th e  d e u te ro n  b in d in g  energy  in  n u c le a r  m a tte r  
on Kq 9 kp and th e  D -s ta te  p r o b a b i l i t y  i s  d e p ic te d  on f ig u r e s  1 to  9 .
For each  ca se  th e  b in d in g  energ y  i s  drawn f o r  th re e  d i f f e r e n t  D - s ta te  
p r o b a b i l i t i e s ;  2%, and 6%. In  f ig u r e s  1 to  7 th e  t o t a l  d e u te ro n  
energy  i s  f ix e d  and th e  b in d in g  energy  o f  th e  o r th o - s t a t e  and p a r a -  
s t a t e  in  r a t i o  t o  th e  b in d in g  energ y  o f  th e  d eu te ro n  in  f r e e  sp ace  
i s  drawn as a  fu n c tio n  o f  k p . The d i f f e r e n c e  o f  th e  b in d in g  e n e rg ie s  o f  
th e  two s t a t e s  i s  a l s o  draw n. F ig u re s  8 and 9 show th e  b in d in g  
energy  v a r i a t io n s  a s  a  fu n c tio n  o f  Kq (en erg y ) f o r  f ix e d  n u c le a r  
m a tte r  d e n s i ty .
The p h y s ic a l  re a so n s  b eh in d  th e s e  r e s u l t s  w i l l  be p re s e n te d  
in  th e  n e x t c h a p te r .  Here we l i s t  t h e i r  most im p o rta n t f e a t u r e s .
1) The b in d in g  en erg y  o f  th e  d eu te ro n  in  n u c le a r  m a tte r  i s  alw ays 
l e s s  th an  th e  b in d in g  energy  in  f r e e  s p a c e .
2 ) The b in d in g  energy  o f  th e  p a r a - s t a t e  i s  alw ays g r e a t e r  th a n  th e  
b in d in g  energy  o f  th e  o r t h o - s t a t e .
3) The b in d in g  energy  d if f e r e n c e  a s  a  fu n c tio n  o f  e i t h e r  kp ( f ix e d  
en e rg y ) o r  KQ ( f ix e d  n u c le a r  m a tte r  d e n s i ty )  has a  maximum.
4) When, in  what fo l lo w s 9 we speak  o f  th e  D -s ta te  p r o b a b i l i t y  we 
im ply t h a t  th e  p a ra m e te rs  o f  th e  n e u tro n -p ro to n  in t e r a c t io n  a re  
such t h a t  th e  d eu te ro n  we exam ine h as  a  c e r t a in  D -s ta te  p r o b a b i l i t y  
in  f r e e  s p a c e . For convenience we l a b e l  th e  D -s ta te  p r o b a b i l i t y  th u s  
d e f in e d  a s  D^. The a c tu a l  a n g u la r  momentum d i s t r i b u t i o n  o f  th e  
d eu te ro n  in  n u c le a r  m a tte r  w i l l  be exam ined l a t e r  on in  t h i s  c h a p te r .
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M-A) For d eu te ro n  e n e rg ie s  up to  ab o u t 120 MeV th e  b in d in g  en erg y  o f  
th e  p a r a - s t a t e  i s  in c re a s e d  a s  i s  in c re a s e d .
For h ig h e r  d eu te ro n  e n e rg ie s  and la rg e  v a lu e s  o f  kp BE+ i s  
in c re a s e d  as  th e  D -s ta te  i s  in c re a s e d  up to  a b o u t = 4% and d e c re a se s  
t h e r e a f t e r  a s  D^ i s  in c re a s e d .
4B) The b in d in g  energy  o f  th e  o r th o s ta te  i s  in c re a s e d  as th e  D -s ta te  
p r o b a b i l i t y  i s  d e c re a se d  f o r  r e a l i s t i c  v a lu e s  o f  D^.
4C) The b in d in g  energy  d if f e r e n c e  i s  in c re a s e d  a s  th e  D -s ta te  
p r o b a b i l i t y  i s  in c re a s e d  f o r  r e a l i s t i c  v a lu e s  o f  D^.
3 .C . The d eu te ro n  w avefunction
The d eu te ro n  w avefunction  f o r  r e l a t i v e  m otion m ust be o f  th e
form
<f> = <Hk)x 3 .1 .A
~ ‘KiOXj111 = N 0 [u g (k ) + uD(k ) S (k ) ]x 1in 3 .1 .B
where
u (k )  = ------------------------
S (A2+k2 )(B2+k2 ) 3 .2 .A
/ 8 (A2+k2 ) (y 2+k2 ) 2
3 .2 .B
and N i s  an o v e r a l l  n iH ffnalisation  c o n s ta n t .
Choosing th e  z -a x is  a lo n g  KQ and demanding
^ ( y x ^ l ' K y x ! 1™* = 1 3 .3
we g e t
where
and
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f o r  N:
IT 2 = |  d k o |u | ( k )  + 8 u2 (k )  -  2 /2 p - Y » ( ^ ) < X j |T | |X j> ( u 2 -u suI)) |
3.M-
N 2 = No2 + JN2 “ XN3 "
N“2 = i+tt 1°° d k k2 ( u |( k )  + 8u2 (k ) )  3 .5 .A
= *2 f" 1____  ^ £ 1 5 ,A n ). |
L A8 (A+8 ) 3 8y(A+Y)5 J
3 .5 .B
%  = 0 i f  a  > kF
3 .6
I n i  = 1 d k k2 (u 2 (k) + 8 u2 ( k ) ) i f  a  < kj 
J n
JN2
rv
d k k2 ( u |( k )  + 8 u2 (k ) )  3 .7
V
I N3 = j d k k2 a ( u |( k )  + 8 u2 ( k ) )  3 .8
3]i
Xm = ^  <xTlT2 0 ( d k k2(cy3“ -  Ug(k)uD( k ) )
3 .9
o  a s  d e f in e d  by 1 . 1 2 .
The f r e e  space  case  i s  p a r t i c u l a r l y  s im p le ;
N j- = Nf s  0
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3.D . Expansion o f  th e  w avefunction  in  s e r i e s  o f  s p h e r ic a l  harm onics
L e t us expand th e  w avefunction  i n  a  s e r i e s  o f  s p h e r ic a l  
harm onics
A inThe c o e f f i c i e n t s  8^ Xj g iven  by
h \ m = <h x ^  I V  3 a i
The w av efu n c tio n  f  i s  m
+2 -X« X„ X,
= N 0 [u s (k ) + /2 |2 L  I  T2 '2Y2' 2 ( - )  2uD( k ) ] Xlm 3.12
\ z - - 2
Si
The o p e ra to r  0 can a l s o  be expanded in  a s e r i e s  o f  s p h e r ic a l  
harm onics
© = I I Y X'( k ) C X' 3 .13
L A '
w ith
X* I a X? *CL = d k 0 Yl  (k )  3 .14
A mHence th e  c o e f f i c i e n t s  b^ Xj become
ij n A A.2
3.15
now
-X„ X
T.  2x m = I  C 2x.P* 3 .162 Ax L p A1
y
-  i+0 -
From th e  W igner-E chart theorem  37
X2 | v m> = C *12m -  A _ |l mf> = J C 26 . = C . 2''■l 1 2 ' 1  2 2 ' L y n ry  nr
C = C_<12m -  A 1 y> y 2
e .g .  <X1° | T2° | X l°> = -  /2  = C2<1200|10>
C = /5  
2
3 .17
T S t ; "  = / l 5  I  ( - ^ X . 11
y
1 2  1 
m - x 2 ~y
j l j2J 1Here th e  q u a n t i t i e s  <j jj^m jin2 |JM> and 
Gordon c o e f f i c i e n t s  and 3 j sym bols a s  d e f in e d  in  M essiah 37
3 .18
a re  th e  G leb sch -
The i n t e g r a l  over a l l  a n g le s  o f  th e  p ro d u c t o f  th r e e  s p h e r ic a l  
harm onics i s
m, m„ m3
d ft Y. (fl)Y0 (O)Y0 (fl) =
1 2 3
( 2&1+1 ) ( 2£2+1 ) ( 2£3+1 )
M-ir
h
0
~2 f*1 *2 S '0
1.
0 0 m2 ®SJ
3 .19
U sing 3 .18  and 3 ,19 in  3 .15 we g e t
h h
N » ' 1 L X2 »X’ ,n
% 2 1.
0 0 0
, . a  2 l
-X x 2 x ?
X+A^+y+1 . , .
u D(k )c2  ✓ 12 0 ( 2£+1 ) (2L+T5
1 2  1 
m -X2 -y 3 .2 0
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Choosing th e  z - a x is  a lo n g  Kq9 we f in d  t h a t  0 becomes in d e p en d en t
o f  $3 hence
X! » X *0 Yl  (fl)dfl = <$x ,0 CL 3.21
With t h i s  ch o ice  f o r  th e  z -a x is  we have
f 8 t  = SX0 C£ US(k)X l
m
+ I  ( - )rn”A+1uD(k)CL° / 120 ( 2£+1 ) ( 2L+1 )
2 L
0 0
f  £ 2 L
-X X 0
1 2  1 
w-m X (m-X^
X-
m-X 3.22
S ince = ^ x fo we can wr^'te
r+a
C « L Y^0 (x )dx
. cL = 0 i f  L i s  odd 3 .23
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3 .E . S e le c t io n  R ules f o r  O r b i ta l  A ngular Momentum
E q u a tio n  3 .1 0  co rresp o n d s  t o  th e  ex p an s io n  o f  th e  w avefu n c tio n  
in to  s t a t e s  o f  d e f i n i t e  a n g u la r  momentum Z w ith  p r o je c t io n  X a lo n g  
th e  z - a x i s .  The c o e f f i c i e n t s  w hich a re  fu n c t io n s  o f  KQ , k 9
IC .k  and k „ 9 d e f in e  th e  p r o b a b i l i t y  o f  f in d in g  th e  d e u te ro n  w ith  t o t a l—0 Jr
s p in  p r o je c t io n  m a lo n g  i t s  c e n tre  o f  mass d i r e c t io n  o f  m otion  (ch o sen  
as th e  z - a x i s )  and o r b i t a l  a n g u la r  momentum Z w ith  p r o je c t io n  X a lo n g  
th e  z -a x is  9 th rough
p/m r Jd £  W \ *  3 -2H
The p r o p e r t i e s  o f  th e  3 j sym bols9 which ap p ea r in  th e  e x p re s s io n  
A mf o r  8^ Xj s e q u a tio n  3 .2 2 9 d e f in e  th e  s e le c t io n  r u l e s  f o r  th e  o r b i t a l  
a n g u la r  momentum
From th e  ’’t r i a n g u la r  i n e q u a l i t i e s ” o f  th e  3 j sym bols we have 
\z -  2\ < L < I + 2 3 .25
The 3 j symbol
Z
i s  zero  i f  Z + 2 + L i s  odd . S in ce  L
:° 0 °,
m ust be even (e q . 3 .2 3 )  we have a  non ze ro  c o e f f i c i e n t  when Z i s  even,
r L 2 1 )
The 3j symbol I i s  non zero  i f  |m -  Xi < 1 .
[-m X (m-X)j
AmHence f o r  a non ze ro  p r o b a b i l i t y  we m ust have an  even
o r b i t a l  a n g u la r  momentum Z w ith  p r o je c t io n  X s a t i s f y i n g
| m — X | < 1 3 .26
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B efore  we in v e s t ig a te  th e  a n g u la r  momentum d i s t r i b u t i o n  in  
n u c le a r  m a tte r  we examine w hat t h i s  d i s t r i b u t i o n  i s  in  f r e e  sp a c e .
In  f r e e  space we can n o t t a l k  any more ab o u t o r th o - s t a t e  and p a r a -  
s t a t e  because  th e re  i s  no un ique c e n tre  o f  mass d i r e c t io n  o f  m otion
A A
Kq , s in c e  KQ can  be changed a t  w i l l  by a change o f  th e  r e f e r e n c e  fram e. 
N e v e r th e le s s  we can choose two co n v e n ie n t r e f e r e n c e  fram e s . Frame 1 
i s  chosen  such t h a t  th e  d e u te ro n  t o t a l  s p in  i s  a lo n g  th e  z - a x is  and 
fram e 2 i s  chosen  such t h a t  th e  d e u te ro n  t o t a l  s p in  i s  p e rp e n d ic u la r  
to  th e  z - a x i s .  In  e i t h e r  case  we e x p e c t th e  t o t a l  p r o b a b i l i t y  f o r  
an a n g u la r  momentum & to  be th e  same in  b o th  fram e s. The p r o je c t io n  
o f  th e  a n g u la r  momentum a lo n g  th e  z - a x is  sh o u ld  however be d i f f e r e n t .
A
In  f r e e  space th e  o p e ra to r  0 i s  th e  u n i t  o p e r a to r .  Hence u s in g
A
e q u a tio n s  3 .1 1 9 3 .12  and 3 .18  w ith  0 = 1 we g e t
The on ly  n o n -ze ro  c o e f f i c i e n t s  have o r b i t a l  a n g u la r  momentum Z 
e q u a l to  ze ro  o r  tw o. T h is  g iv e s
1 m t . \  \
£ X1 n r  v 0 /, w  /3 2 t t  r  , v 2 > v Xlv  2 m- 5 — = <y£ 1 ^ 5 . y 0 u s (k)>  + ( - )  uD(k)<YA |y 2 > t2 x x
111 = N /+TT u (k ) U 1 s 3 .28
X1m -X X-yJ
1 2  1 m-X 3.29
_ 44 -
We want a l s o  to  e v a lu a te  th e  p r o je c t io n  a lo n g  th e  z - a x is  o f  th e  
D -s ta te  (& = 2 ) .
1) Frame 1 : Xj™ “ X j1 X = 0 9 1 9 2
f l  2 1
$2°X11 = N ^96 uD(k)
1 0  1
= 7 §*N V 1 0 *!* 3 .3 0
3 ^
2 X1
N t/96 uD(k )
1 2  1 
1 - 1 0
4 T  N UD(k)X !° 3 .3 1
ft 2V 1 
2 '<i
» 2X 1 2 X1
N & 6  uD(k )
1 2  1
1 - 2  1
4 / |  uD(k )x 1- 1
“ I
3 ,32
Hence i f  th e  t o t a l  s p in  o f  th e  d e u te ro n  l i e s  a lo n g  th e  z - a x is  
th e n  th e  D -s ta te  o f  th e  d e u te ro n  i s  d iv id e d  in to  com ponents o f  
r e l a t i v e  p r o b a b i l i t y  60% a lo n g  th e  z - a x i s 9 30% w ith  p r o je c t io n  1 
a lo n g  th e  z -a x is  s and 10% p r o je c t io n  p e rp e n d ic u la r  to  th e  z - a x i s ,
2) Frame 2: X. 111 = X 0----------------  1 i X = - 1 ,  0 , +1
32 °X1° = ( - )  N M  u D(k)
1 2  1 
[0 0 0J
' •  82°x l ° '  = '  UD(k )x i' 3 .33
V l x i°  = ( ~} N ^  UD(k )
1 2  !•
0 - 1  1,
/ S ’v 7=- UT(2- l X i 0 -  4 / j U p O O X j l 3 .34
H ence, i f  th e  t o t a l  s p in  o f  th e  d eu te ro n  l i e s  a lo n g  an a x is  
p e rp e n d ic u la r  to  th e  z - a x is  th e  D -s ta te  i s  d iv id e d  in to  com ponents 
o f r e l a t i v e  p r o b a b i l i t y  30% p r o je c t io n  + 1 a lo n g  th e  z - a x is  9 30% 
f o r  p r o je c t io n  -  1 9 and 40% f o r  p r o je c t io n  ze ro  a lo n g  th e  z - a x i s .
3 .F . E v a lu a tio n  o f  th e  A m plitudes
A
The o p e ra to r  0 r e s t r i c t s  th e  a n g u la r  in t e g r a t i o n  ov er cos 0 
in  th e  i n t e r v a l  y < k < v from  -a  to  +a and re d u c e s  th e  cos 0 
in t e g r a t i o n  to  ze ro  in  th e  i n t e r v a l  0 < k < y when k^  > a .  In  a l l
r
A*
o th e r  in t e r v a l s  0 i s  i d e n t i c a l  to  th e  u n i t  o p e r a to r .  For L g r e a t e r  
th a n  ze ro  th e  c o e f f i c i e n t s  a re  n o n -ze ro  o n ly  in  th e  i n t e r v a l  
p < k < v .
C = 0 0 < k < y and k*, > a0 F
= 2 A  0 < k < y  and kp < a  3 .36
CQ = 2 / i t  a y < k < v
C =. 2 /rr v < k < ° °
= 0 f o r  L > 0 and k n o t in  th e  i n t e r v a l  y < k < v . I n  th e  
i n t e r v a l  y < k < v we have
C2 = v^5it(a3 -  a )  3 .3 7
cif = f  S t t ( 7 o 5  -  10a3 + 3a) 3 .3 8
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Hence V 
c 02V
= J+tt [v < k < «> o r  (a>kp and 0 < k < y )]
= 0 0 < k < y and kp > a
= 4fra2 y < k < v
3 . 3 9
The fo llo w in g  c o e f f i c i e n t s  a re  z e ro  e x c e p t in  th e  i n t e r v a l  
y < k < v where th e y  ta k e  th e  v a lu e s
C22 = 5 it(a6-  2ak + c2 ) 3 . 4 0
C 2 = I ? -  ( 4 9 a 1 0 -  1 4 0 a 8 + 1 4 2 a 6 -  6 0 a k+ 9 a 2 ) 4 16 3 . 4 1
CQ C2 = 2 tt V $ ( o k -  a 2 )
Co c i* = f  ^ ( 7 a 6 -  1 0 o h+ 3 a 2 )
C2 C4 = if"  >/5(7a8" 17cf6+ 13artf“ 3cj2)
3 . 4 2
3 . 4 3
3 . 4 4
U sing th e  c o e f f i c i e n t s  as j u s t  d e f in e d  th e  in d iv id u a l  am p litu d e s  
a re  a s  fo llo w s :
£ = 0  (L = 2 ,  X = 0 )
eo°xi1 = H[coV k) + 7s c2V k)lxi 3 .46
eo°Xi° = N[c0us(k) - ^  c ^ k j l x j 1 3 . 4 7
= N[C0us (k ) + ^  C2uD( k ) ] x 1- 1 3 . 4 8
£ = 2 m = + 1 ( p a r a - s t a t e )  ;■ L = 0 , 2„ 4
X = 0 , 1 , 2
c
3«®X,1=N{C2us (k ) + yg- uD( k ) [ - ~  + Co + C j J x , 12 2 7 2 4 1
3 . 4 9
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/ c_ _ | NuD(k ) [ - ^ - ^ C 2 H - l c ^ X j O  3 .5 0
h W  ■* / § • N V k)[co - 7 /5 c2 + 7 W 1 3-51
£ = 2 m = 0 ( o r th o - s t a t e )  5 L = 0 5 2 , 4  9 X = - 1 ,  0 , +1
B2' lXl° = >» 4  H V k)CT  + #  c2 - f  CJ V  3-52
B2V  = N{C2us (k )  -  - ^ u D(k )[C 0 + |  /5  C2 + f  C ^ J X j 0 3 .53
B21X1° = * / f  N uD( k ) [ ^  + C2 -  f  C j x ^ 1 3 .54
XmThe p r o b a b i l i t y 5 9 o f  f in d in g  th e  d e u te ro n  w ith  t o t a l  s p in  
p r o je c t io n  m a lo n g  i t s  c e n tre  o f  mass d i r e c t io n  o f m otion  (KQ) and
A
o r b i t a l  a n g u la r  momentum £ w ith  p r o je c t io n  X a lo n g  KQ 9 can  be 
e v a lu a te d  from  e q u a tio n  3 . 2 4 .
The p r o b a b i l i t y ,  P ^ ,  o f  f in d in g  th e  d e u te ro n  w ith  t o t a l  s p in
A
p r o je c t io n  m a long  KQ and o r b i t a l  a n g u la r  momentum £ 9 can be e v a lu a te d  
by summing o v er th e  o r b i t a l  a n g u la r  momentum p r o j e c t i o n s .
V  * |  PSMl 3 ,55
The in t e g r a l s  in v o lv ed  in  t h i s  c a l c u la t io n  were e v a lu a te d  
n u m e ric a lly  u s in g  S im pson 's  r u l e  f o r  n u m e rica l i n t e g r a t i o n .
3.G. The D euteron  O r b i ta l  A ngular Momentum D is t r ib u t io n  in
N u clea r M atte r
The o r b i t a l  a n g u la r  momentum d i s t r i b u t i o n  o f  th e  d e u te ro n  in  
n u c le a r  m a tte r  i s  d i f f e r e n t  to  th e  co rre sp o n d in g  d i s t r i b u t i o n  in  f r e e  
sp a c e . In  o rd e r  to  avo id  c o n fu s io n  betw een th e  f r e e - s p a c e  and 
n u c le a r  m a tte r  o r b i t a l  a n g u la r  momentum p r o b a b i l i t i e s  we use  th e  
fo llo w in g  n o t a t i o n .
The S - s t a t e  and D -s ta te  p r o b a b i l i t i e s  a re  deno ted  by th e  l e t t e r s  
S and D r e s p e c t iv e l y .  The t o t a l  p r o b a b i l i ty  o f  a l l  h ig h e r  o r b i t a l  
a n g u la r  momentum s t a t e s  i s  den o ted  by HS. Each p r o b a b i l i t y  c a r r i e s  
e i t h e r  th e  s u b s c r ip t  f  i f  i t  r e f e r s  to  d e u te ro n  in  f r e e  space  o r  th e  
s u b s c r ip t  n i f  i t  r e f e r s  to  a d e u te ro n  p ro p a g a tin g  th ro u g h  a  n u c le a r  
medium. When th e  r a t i o  o f  a  p r o b a b i l i t y  in  n u c le a r  m a tte r  to  t h a t  o f  
f r e e  space i s  u se d , th e n  th e  a p p ro p r ia te  l e t t e r  c a r r i e s  a  c irc u m fle x  
and th e  s u b s c r ip t  n .  For example th e  D -s ta te  p r o b a b i l i t y  in  n u c le a r  
m a tte r  i s  d eno ted  by Dn » The r a t i o  Dr t o  Dp i s  d en o ted  by D^.
The o r b i t a l  a n g u la r  momentum d i s t r i b u t i o n  o f  th e  d e u te ro n , a s  a  
fu n c tio n  o f KQ (en erg y ) f o r  f ix e d  k p S in  n u c le a r  m a tte r  i s  shown in  
f ig u r e s  10 to  18. The S - s t a te  and D -s ta te  p r o b a b i l i t y  a re  r e p r e s e n te d  
as  a  r a t i o  to  th e  c o rre sp o n d in g  p r o b a b i l i t y  in  f r e e  sp a c e . We have 
drawn th e  r e s u l t s  f o r  Dp = 4%. D if f e r e n t  v a lu e s  o f  Dp w i l l  p roduce 
s im i la r  g ra p h s . These f ig u r e s  show th e  fo llo w in g  f e a t u r e s .
1) S ta te s  o f  non ze ro  o r b i t a l  a n g u la r  momentum have alw ays g r e a t e r  
p r o b a b i l i t i e s , Dn , HSn in  th e  p a r a s ta t e  c o n f ig u ra t io n  th a n  in  
th e  o r th o - s t a t e .  Sn f o r  th e  p a r a s t a t e  i s  alw ays l e s s  th a n  Sn 
f o r  th e  o r t h o - s t a t e .
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2) The b in d in g  energy  o f  e i t h e r  th e  p a r a s t a t e  o r  th e  o r th o - s t a t e  
approaches z e ro  when th e  D -s ta te  p r o b a b i l i t y ,  o f  th e  
c o rre sp o n d in g  s t a t e  approaches a  minimum v a lu e .
3) The d e t a i l e d  shape o f  th e  D -s ta te  p r o b a b i l i t y ,  Dn , fo llo w s  one 
o f  th r e e  p o s s ib le  s h a p e s .
a
Shape a : Dr in c re a s e s  s h a rp ly  a s  KQ in c r e a s e s .  As in c re a s e s
f u r th e r  re a c h e s  a  maximum, 5^max 1 5 and soon a f t e r  a
minimum D min fo llo w ed  bv a n o th e r  maximum D maX n ■ ~ n
T h e re a f te r  Dn d e c re a se s  s t e a d i ly  ap p ro ach in g  1 a s  KQ 
in c r e a s e s . T h is  shape o ccu rs  when kp i s  v e ry  sm a ll 
(kp < 0 .4  fm- 1 ) .  The maxima and th e  minimum have v a lu e s  
g r e a t e r  th a n  o n e , e . g .  F ig . 10 .
Shape b : D^ in c re a s e s  s h a rp ly  as in c r e a s e s ,  i t  re a c h e s  a
maximum, p^max3 and soon a f t e r  a  minimum, , which
has a  v a lu e  l e s s  th a n  one. T h e re a f te r  D in c re a s e sn
s t e a d i ly  ap p ro ach in g  1 a s  KQ in c re a s e s  f u r t h e r  a . g .
F ig . 13 .
A
Shape c : D  ^ in c re a s e s  u n ifo rm ly  from  n e a r ze ro  ap p ro ach in g  1
as  Kq in c r e a s e s .  T h is  shape occu rs  when kp i s  l a r g e ,  
e . g .  F ig . 17.
A
3 .A .) In th e  p a r a s ta t e  c o n f ig u ra t io n  Dn fo llo w s  shape a  when
kp < 0 .4  fm” 1 . In  th e  ran g e  0 .4  fm”"1 < kp < 1 .4  fm"”1 » &n
i A maxfo llo w s  shape b .  For k < 1 fm“ A D  ^ i s  g r e a t e r  th a n  one
1 A ITlcLXand  f o r  kp > 1 fm”"1 D i s  l e s s  th a n  o n e . For h ig h e r  
d e n s i t i e s , kp > 1 .9  fm"”1 D^ fo llo w s  shape c .
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3 .B .)  The D -s ta te  p r o b a b i l i t y  D^ o f  th e  o r th o - s t a t e  fo llo w s
shape a when kp  < 0 .3  fm”1 . In  th e  range
0 .3  fm”"1 < k „  < 0 .8  fm”1 D f o r  th e  o r th o - s t a t e  fo llo w s  F b
shape b .  For kp < 0 .6  fm” 1 S^max has a  v a lu e  g r e a te r  
th a n  one and f o r  kp > 0 .6  fm”1 D^ i s  alw ays l e s s  th an  one. 
When kp > 0 .8  fra” 1 th e  o r th o - s t a t e  D -s ta te  p r o b a b i l i t y
A
Dnfo llo w s  shape c .
4) The p r o b a b i l i t i e s  HSn in c re a s e  from  z e ro  as KQ in c re a s e s  re a c h in g  a
A
maximum, n e a r  th e  maximum f o r  th e  D -s ta te  p r o b a b i l i t y  D^. As 
Kq in c re a s e s  f u r t h e r  HS^ d e c re a se s  ap p ro ach in g  z e ro . In v a r ia b ly  
HS^ a re  l a r g e r  when kp i s  sm a ll and KQ i s  o f  o rd e r  2 k p .
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Figure 1. Binding energy fo r  p a r a -s ta te  and o r th o -s ta te  in
nuclear m atter for deuteron energy 50 MeV.
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Figure 3 . Binding energy, for p a ra -sta te  and o r th o -s ta te  in
nuclear matter for deuteron energy 200 MeV.
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Figure 4. Binding energy fo r  p a ra -sta te  and o r th o -sta te  in
nuclear matter for deuteron energy 300 MeV.
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o rth o -sta te  co n fig u ra tio n s in nu clear m atter for
deuteron energy 300 MeV.
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Figure 11. O rbital angular momentum d is tr ib u tio n  in  nu clear
m atter o f Fermi momentum 0 .3  fm”1 for the ortho­
s ta te  con figu ra tion .
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Figure 12. High o r b ita l angular momentum d is tr ib u tio n  in  nuclear
m atter of Fermi • momentum 0 .3  fm"’* .
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of -Fermi momentum 0 .7  fm"* for the o r th o -s ta te
co n figu ration .
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m atter o f Fermi momentum 1 .3  fm~* for  the para­
s ta te  co n fig u ra tio n .
0
0
o
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m atter o f Fermi momentum 1.36 fm”* for the orth o­
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Figure 18. High, o r b ita l angular momentum d is tr ib u tio n  in
nuclear matter o f Fermi momentum 1.36  fm”^ .
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CHAPTER U
A PICTURE FOR THE PAULI EXCLUSION PRINCIPLE MECHANISM
M-.A. Some comments on th e  a c t io n  o f  th e  P a u l i  e x c lu s io n  p r i n c i p l e .
The main f e a tu r e s  o f  th e  r e s u l t s  o f  th e  p re v io u s  c h a p te r  can 
be u n d e rs to o d  in  te rm s o f  a  sim ple  p i c t u r e .
We n e g le c t  f o r  th e  moment th e  n e u tro n  and p ro to n  i n t r i n s i c  
sp in  and we suppose t h a t  th e  t o t a l  s p in  o f  th e  d eu te ro n  a r i s e s  
e n t i r e l y  th ro u g h  o r b i t a l  m otion o f  th e  n e u tro n  and p ro to n .  F ig u re s  
19 A and B d e s c r ib e  th e  r e l a t i v e  o r i e n t a t i o n  o f th e  momentum v e c t o r 9 
o f  th e  d eu te ro n  c e n t r e  o f  mass and th e  p la n e  o f  o r b i t  o f  th e  
n e u tro n  and p ro to n  ( s p in  o f  th e  d e u te ro n ) .  The t o t a l  momenta o f  th e  
n e u tro n  and p ro to n  a re  th e  v e c to r  d i f f e r e n c e  and sum r e s p e c t iv e ly  
o f  h a l f  th e  c e n tr e  o f  mass momentum 9 a_3 and th e  r e l a t i v e  momentum 
k 9 e q u a tio n s  1 .5
k = a  + k. . k = a  -  k~~p — — —n — —
a  = i  — * -o
The m agnitudes o f  th e se  momenta, k and k 9 a re°  p n 5
1
k = ( a 2 + k 2 + 2ak cos 0 ) 2
P U .l
k = ( a 2 + k 2 -  2ak cos 0 ) 2 n
where 0 i s  th e  a n g le  betw een th e  c e n tr e  o f  mass momentum9 9 and th e
relative-m om entum  k .
These m agnitudes 3 k and k s d e te rm in e  th e  e f f e c t  o f  th e  P a u l iP n
e x c lu s io n  p r in c ip le  on th e  d e u te ro n s e q u a tio n s  1 .7 .  The P a u l i
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p r in c i p l e  r e s t r i c t s  o r a llo w s s t a t e s  in  th e  d eu te ro n  w av efu n c tio n  
a c c o rd in g  to  w hether o r  n o t  b o th  k^ and k^ a re  s m a lle r  th a n  k p .
In  th e  p a r a - s t a t e  s i t u a t i o n ,  f ig u r e  1 9 . A, th e  p la n e  o f  th e  
n -p  o r b i t  i s  p e rp e n d ic u la r  t o  th e  c e n tre  o f  mass momentum, th e  an g le
IT0 i s  th e r e f o r e  e q u a l t o  . The m agnitudes o f  th e  n e u tro n  and p ro to n  
momenta a re  th e re f o r e
k = k = ( a 2 + k 2) 2 4 .2P n
In  th e  o r th o - s t a t e  s i t u a t i o n  how ever, f ig u r e  1 9 .B, th e  p la n e  
o f th e  n -p  o r b i t  c o n ta in s  th e  c e n tr e  o f  mass momentum v e c to r  K and th e  
an g le  0 i s  a r b i t r a r y  . In  t h a t  case  e i t h e r  k^ o r  k^ w i l l  have m agnitude
i
l e s s  th a n  th e  c o rre sp o n d in g  m agnitude in  th e  p a r a - s t a t e ,  ( a 2 + k 2 ) 2 . 
Some o f  th e  n -p  r e l a t i v e  momenta k_ a re  th e re f o r e  such t h a t  th e  P a u l i  
e x c lu s io n  p r in c ip le s  e q u a tio n s  1 .7 S i s  s a t i s f i e d  by th e  p a r a - s t a t e  
b u t  n o t  f o r  th e  o r th o - s t a t e .  For exam ple, when th e  Fermi-momentum9
4 .3
4 .4
w ith  6 a  v e ry  sm a ll r e a l  num ber9 p r a c t i c a l l y  a l l  r e l a t i v e  momenta l£ 
such th a t
l y  = a
w i l l  be fo rb id d e n  f o r  th e  o r t h o - s t a t e .  These same r e l a t i v e  momenta 
w i l l  be a llow ed  f o r  th e  p a r a - s t a t e .
k p , i s
kp = /  a 2 + c 2 
w ith  c a  r e a l  number 
and d = c + 6
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In  th e  r e a l  d e u te ro n  a co u p lin g  o f  t h i s  ty p e  betw een th e  t o t a l  
s p in  o f  th e  d e u te ro n  and th e  p la n e  o f th e  n -p  o r b i t  i s  p roduced  by th e  
te n s o r  f o r c e .  The te n s o r  fo rc e  o p e ra to r  does n o t  commute w ith  th e  
o r b i t a l  a n g u la r  momentum o p e ra to r .  The o r b i t a l  a n g u la r  momentum 
o f  th e  d e u te ro n  and i t s  component a re  n o t  d b s e rv a b le s . The d e u te ro n  
w avefunction  i s  a s u p e rp o s i t io n  o f  s t a t e s  w ith  a d e f i n i t e  o r b i t a l  a n g u la r  
momentum v e c to r .  We can n e v e r th e le s s  d is c u s s  th e  e f f e c t  o f  th e  P a u l i  
e x c lu s io n  p r in c ip le  on each  such  s t a t e .  We make th e  u s u a l  ch o ice  f o r  th e  
z - a x i s .
We r e p r e s e n t  th e  d i f f e r e n t  components in  th e  d e u te ro n  w ave- 
f u n c t io n  by th e  K et | ZX> . B, r e f e r s  to  th e  m agnitude o f  th e  o r b i t a l  
a n g u la r  momentum and A to  i t s  p r o je c t io n  a lo n g  th e  z - a x i s .
A s t a t e  o f  ze ro  o r b i t a l  a n g u la r  momentum5 l i k e  th e  S - s t a t e  o f  
th e  d e u te ro n  ( |o  0 > )5 h as  no  s p e c ia l  symmetry axis*,; i t  i s  a  s p h e r i c a l ly  
sym m etric s t a t e .  The r e l a t i v e  momentum v e c to r ,  k_9 f o r  t h a t  s t a t e  i s  
u n ifo rm ly  d i s t r i b u t e d  over a l l  a n g le s  f o r  b o th  th e  p a r a - s t a t e  and th e  
o r t h o - s t a t e .  The e f f e c t  o f  th e  P a u l i  e x c lu s io n  p r in c i p l e  on th e  
S - s t a t e  p a r t  o f  th e  d eu te ro n  w avefunction  i s  th e r e f o r e  i d e n t i c a l  f o r  
b o th  th e  p a r a - s t a t e  and o r t h o - s t a t e .
A s t a t e  w ith  n o n -z e ro  o r b i t a l  a n g u la r  momentum does n o t  p o s se ss  
s p h e r ic a l  symmetry. The D -s ta te  o f  th e  d e u te ro n , {2X>3 i s  such  a  
s t a t e .  I t s  main a x is  o f  symmetry i s  th e  d i r e c t io n  o f  i t s  o r b i t a l  
a n g u la r  momentum.
The component o f  th e  D -s ta te  w ith  A = ± 2 ,  ( 2 ± 2>, h a s  i t s  
o r b i t a l  a n g u la r  momentum a x is  a long  th e  d i r e c t io n  o f  m otion  o f  th e
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d e u te ro n  c e n t r e  o f  m ass. The p la n e  o f  th e  n -p  o r b i t  i s  th e r e f o r e  
p e rp e n d ic u la r  to  t h i s  a x i s . T h is  component i s  th e r e f o r e  th e  component 
l e a s t  a f f e c te d  by  th e  P a u l i  e x c lu s io n  p r i n c i p l e .
The p la n e  o f  th e  n -p  o r b i t  in  th e  D -s ta te  component w ith  1 = 0 ,  
[2 o>, c o n ta in s  th e  c e n tre  o f  mass momentum v e c to r .  Kg. T h is  
component i s  th e r e f o r e  th e  component m ost a f f e c te d  by th e  P a u l i  
e x c lu s io n  p r i n c i p l e .
The e f f e c t  o f  th e  P a u l i  e x c lu s io n  p r in c ip le  on th e  D -s ta te  
component w ith  A = ± 1 , |.2 ± 1>, i s  s t ro n g e r  th a n  th e  c o rre sp o n d in g  
e f f e c t  on th e  component |.2 ± 2> and w eaker th a n  th e  c o rre sp o n d in g  
e f f e c t  on th e  component 12 G>
As a  summary o f th e  above d is c u s s io n  we l i s t  th e  com ponents o f  
th e  D -s ta te  p a r t  o f  th e  d eu te ro n  w avefunction  w ith  d e f i n i t e  o r b i t a l  
a n g u la r  momentum a c c o rd in g  t o  how s t r o n g ly  th e y  a re  a f f e c t e d  by th e  
P a u li  e x c lu s io n  p r i n c i p l e .  We s t a r t  w ith  th e  m ost s t r o n g ly  a f f e c t e d  
com ponent.
The p - s t a t e  w ith  p r o je c t io n  A = 0 a lo n g  KQ, [2 0>.
The D -s ta te  w ith  A = ± 1 , |2  ± 1>.
The D -s ta te  w ith  A = ± 2 ,  | 2 ± 2 > .
We w i l l  now o u t l in e  th e  c o n c lu s io n s  stemming o u t o f  t h i s  p i c tu r e  
f o r  th e  P a u l i  mechanism and compare them w ith  th e  r e s u l t s  o f  th e  
p re v io u s  c h a p te r .
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The b in d in g  energ y  o f  th e  d eu te ro n  in  n u c le a r  m a tte r
The Yamaguchi p o t e n t i a l  we u se  in  t h i s  work f o r  th e  n e u t ro n -  
p ro to n  in t e r a c t io n  i s  a t t r a c t i v e  f o r  bo th  th e  S - s t a te  and th e  D - s ta te .  
The e x c lu s io n  o f  c e r t a in  r e l a t i v e  momenta due to  th e  P a u l i  p r i n c i p l e  
le a d s  n a t u r a l l y  to  a  re d u c t io n  o f  b in d in g  e n e rg y ; hence th e  b in d in g  
energy  o f  th e  d eu te ro n  in  n u c le a r  m a tte r  i s  ex p ec ted  to  b e  alw ays 
le s s  th a n  th e  b in d in g  energ y  o f  th e  d e u te ro n  in  f r e e  sp a c e .
We n e g le c t  f o r  th e  moment th e  P a u l i  e x c lu s io n  p r in c i p l e  and we 
c o n s id e r  a  d eu te ro n  p ro p a g a tin g  th ro u g h  n u c le a r  m a tte r  w ith  c e n t r e  o f  
mass momentum p a r a l l e l  to  th e  z - a x i s . The p a r a - s t a t e  c o rre sp o n d s  t o  
fram e 1 and th e  o r th o - s t a t e  to  fram e 2 . Frames 1 and 2 a re  d e f in e d  in  
c h a p te r  3 . The D -s ta te  p a r t  o f  th e  d eu te ro n  w avefunction  i s  th e n  
composed o f  th e  fo llo w in g  com ponents w ith  d e f i n i t e  a n g u la r  momentum 
p r o je c t io n  a lo n g  th e  z - a x i s .
P a r a - s t a t e : I2 0> 10%
) 2 ± 1> 30%
I2 ± 2> 60%
s t a t e : I 2 0> 40%
12 + 1> 30%
I2 -  1> 30%
We now a llo w  th e  P a u li  e x c lu s io n  p r i n c i p l e  to  o p e ra te .  I t s  
e f f e c t  w i l l  b e  s t ro n g e r  on th e  o r th o - s t a t e  th a n  on th e  p a r a - s t a t e  
because  th e  o r th o - s t a t e  c o n ta in s 3 in  i t s  D - s t a t e 9 l a r g e r  com ponents 
a f f e c te d  s t r o n g ly  by th e  P a u l i  p r in c i p le  5 th an  th e  p a r a - s t a t e . S5.nce 
th e  n e u tro n  p ro to n  in t e r a c t io n  we use i s  alw ays a t t r a c t i v e  we e x p e c t 
th e  b in d in g  energy  o f  th e  p a r a - s t a t e  t o  b e  alw ays g r e a t e r  th a n  th e  
b in d in g  energy  o f  th e  o r th o - s t a t e  in  n u c le a r  m a t te r .
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We deno te  th e  d i f f e r e n c e  in  b in d in g  en erg y  betw een th e  p a r a - s t a t e  
and o r th o - s t a t e  by Ae such t h a t
Ae = BE -  BE i  U
We have exam ined9 e a r l i e r  on , th e  v a r i a t io n  o f  Ae as  a fu n c tio n
o f e i t h e r  Kg ( f ix e d  kp) o r a s  a  fu n c tio n  o f  kp ( f ix e d  KQ) .  We exam ine
h e re  th e  l i m i t s  o f  th e se  v a r i a t i o n s .
When kp app roaches ze ro  th e  p a r a - s t a t e  and o r th o - s t a t e  a re  
d e g e n e ra te ,  Ae th e r e f o r e  a l s o  app roaches z e ro .
For v e ry  la rg e  v a lu e s  o f  kp b o th  th e  p a r a - s t a t e  and o r th o ­
s t a t e  b in d in g  e n e rg ie s  a re  reduced  t o  z e ro 9 hence Ae i s  z e ro .
When th e  d eu te ro n  en erg y  i s  v e ry  la rg e  a l l  r e l a t i v e  momenta 
in  th e  d e u te ro n  w avefunction  a re  a llo w e d . The b in d in g  e n e rg ie s  o f  
b o th  th e  o r th o - s t a t e  and p a r a - s t a t e  approach  th e  b in d in g  energy  o f  
f r e e  sp a c e . Ae th e r e f o r  approaches z e ro .
The l im i t in g  case  when th e  d eu te ro n  i s  a t  r e s t  in  n u c le a r  
m a tte r  (KQ ** 0) was exam ined in  c h a p te r  2 s e c t io n  D. Ae f o r  t h i s  case  
was found to  be z e ro .
S ince Ae m ust alw ays be p o s i t i v e  th e  g rap h s o f  Ae as a  fu n c t io n
o f e i t h e r  k P o r Kn m ust show a t  l e a s t  one maximum.
In  o rd e r  to  in v e s t ig a te  th e  dependence o f  th e  b in d in g  en erg y  
o f  th e  d e u te ro n  in  n u c le a r  m a tte r  on th e  D - s ta te  p r o b a b i l i t y 3 Dps we 
make some comments ab o u t th e  n e u tro n -p ro to n  in t e r a c t io n  a r i s i n g  from  
ta b le  2 .
As D>. in c r e a s e s 3 th e  o v e r a l l  s t r e n g t h ,  A, o f  th e  n e u tro n  r
p r o to n - in te r a c t io n  d e c re a se s  w h ile  th e  r e l a t i v e  D -s ta te  s t r e n g t h ,  
t ,  in c r e a s e s .  As in c r e a s e s ,  th e  p a ram e te r 0 f o r  th e  S - s t a te  i s  
s lo w ly  d e c re a se d  w hile  th e  p a ra m e te r  y  f o r  th e  D -s ta te  i s  r a p id ly  
in c re a s e d .  Hence as D^ in c r e a s e s ,  th e  n e u tro n -p ro to n  in t e r a c t i o n  
depends more on th e  D - s t a te ,  th e  S - s t a te  c o n ta in s  s m a lle r  r e l a t i v e  
momenta k and th e  D -s ta te  i s  peaked a t  l a r g e r  v a lu e s  f o r  th e  r e l a t i v e  
momenta. We th e r e f o r  e x p e c t th e  fo llo w in g  th in g s  t o  happen to  th e  
d e u te ro n  b in d in g  energy  a s  D^ in c re a s e s
1) The b in d in g  energy  has more c o n t r ib u t io n s  from th e  D - s t a t e .
2) The S - s t a t e  c o n t r ib u t io n s  to  th e  b in d in g  energy  come th ro u g h  
sm a lle r  v a lu e s  o f k .
3) The D -s ta te  c o n t r ib u t io n s  t o  th e  b in d in g  energy  come th ro u g h  
h ig h e r  v a lu e s  o f k .
We th e r e f o r  e x p e c t f o r  low d e u te ro n  e n e r g ie s ,  where th e  P a u l i  
e x c lu s io n  p r in c i p le  d e p re s se s  s t r o n g ly  a l l  d e u te ro n  com ponents 
e x c e p t th e  D -s ta te  p a r t  w ith  A = 2 , th e  b in d in g  energy  o f  th e  p a r a -  
s t a t e  t o  be in c re a s e d  a s  D^ i s  in c r e a s e d . In  th e  same ran g e  we 
e x p e c t th e  b in d in g  energ y  o f  th e  o r th o - s t a t e  to  be d e c re a se d  as  D^ 
i s  in c r e a s e d .
For h ig h  d eu te ro n  e n e r g ie s ,  where th e  P a u l i  e x c lu s io n  p r in c i p l e
a f f e c t s  s t r o n g ly  on ly  th e  D -s ta te  component w ith  A = 0 and s p e c i a l l y
i t s  h ig h  k v a lu e s ,  we e x p e c t th e  b in d in g  energ y  o f  th e  p a r a - s t a t e  to
d e c re a se  a s  D,- i s  in c re a s e d .  T h is  d e c re a se  however sh o u ld  be s m a ll  r
b ecause  th e  component a f f e c te d  i s  on ly  10% o f  th e  D - s ta te .  In  th e  
same ran g e  we e x p e c t th e  b in d in g  energy  o f  th e  o r th o - s t a t e  to  d e c re a se
-7 6  -
r a th e r  r a p id ly  as  i s  in c r e a s e d , s in c e  th e  component a f f e c t e d  i s  
40% o f th e  D - s ta te .
In  a l l  ra n g e s  we e x p e c t th e  b in d in g  energ y  d i f f e r e n c e ,  Ae, to  
in c re a s e  as i s  in c re a s e d .
A ll th e s e  c o n c lu s io n s  fo r  th e  b eh a v io u r o f th e  b in d in g  energy  
o f  th e  d e u te ro n  in  n u c le a r  m a tte r  stemming o u t o f th e  sim p le  p ic tu r e  
f o r  th e  P a u li  mechanism we p ropose  h e re  a re  in  f u l l  agreem ent w ith  
th e  r e s u l t s  o f  th e  p re v io u s  c h a p te r .
4 .C . The d e u te ro n  o r b i t a l  a n g u la r  momentum d i s t r i b u t i o n  in  n u c le a r
We now want to  app ly  th e  P a u l i  p ic tu r e  we p ropose in  t h i s  c h a p te r  
to  th e  o r b i t a l  a n g u la r  momentum d i s t r i b u t i o n  o f  th e  d e u te ro n  in  n u c le a r  
m a tte r .  In  o rd e r  to  accom plish  t h a t  we f i r s t  examine th e  d i s t r i b u t i o n  
o f r e l a t i v e  momenta k in  th e  d e u te ro n  w av efu n c tio n  when th e  d u e te ro n  
p ro p a g a te s  th rough  f r e e  sp a c e . The p r o b a b i l i t y  o f  f in d in g  th e  n e u t ro n -  
p ro to n  system  in  th e  d eu te ro n  w ith  r e l a t i v e  momentum ly in g  betw een  k 
and k + dk i s  P (k)
We can  d iv id e  t h i s  p r o b a b i l i ty  i n to  two p a r t s  a c c o rd in g  to  
w hether th e  n -p  system  w ith  r e l a t i v e  momentum betw een k and k + dk 
form s an  S - s t a te  o r  a  D - s ta te .  Using e q u a tio n s  3 .2  we can  d e f in e  
th e  S - s t a te  and D -s ta te  d i s t r i b u t io n s  o f  r e l a t i v e  momentum by P
m a tte r
P (k) = 4TTk2 $ S' ( k ) c f > ( k ) d k 4 .5
and P.D*
4 .6
4 .7
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Where th e  n o rm a liz a tio n  c o n s ta n ts  N and N_ a re  chosen f o rs  D
convenience to  be such t h a t  th e  maximum v a lu e s  o f  P and a re  e q u a l
S D
t o  one. These d i s t r i b u t i o n s  a re  p lo t t e d  in  f i g .  20 . We see  from  
th e  f ig u r e  t h a t  th e  S - s t a t e  i s  c o n c e n tra te d  a t  sm a ll  r e l a t i v e  momenta
v a lu e s  f o r  th e  m agnitude o f  th e  r e l a t i v e  momentum k i s  n a t u r a l l y  
d iv id e d  in to  th r e e  r e g io n s .  These re g io n s  a re  d e f in e d  as fo llo w s
Region 1: 0 < k < y
The e f f e c t  o f  th e  P a u l i  e x c lu s io n  p r in c i p le  on each  re g io n  i s  
d e s c r ib e d  by one o f  th e  th r e e  a d j e c t i v e s 9 a llo w e d 9 fo rb id d e n  and sem i­
a llo w ed . An a llo w ed  re g io n  i s  one where a l l  a n g u la r  o r ie n t a t i o n s  o f  
th e  v e c to r  k a re  a llo w e d . A fo rb id d e n  re g io n  i s  one where a l l  a n g u la r  
o r ie n t a t i o n s  o f  th e  v e c to r  k_ a re  fo rb id d e n . A sem i-a llo w ed  re g io n  i s  
one where some a n g u la r  o r ie n ta t io n s  o f  th e  v e c to r  k_ a re  a llo w ed  where 
o th e rs  a re  fo rb id d e n .
w ith  th e  maximum j u s t  above k = 0 .2  fm- 1 . The D -s ta te  i s  c o n c e n tra te d  
a t  l a r g e r  r e l a t i v e  momenta w ith  i t s  maximum around k = 0 .95  fm "1 .
When th e  d eu te ro n  i s  p ro p a g a tin g  th ro u g h  a  n u c le a r  medium, o f
Ferm i momentum k p 9 w ith  c e n tre  o f  mass momentum Kq9 th e  ran g e  o f
Region 2: y < k < v 4 .8
Region 3: v < k < »
w here: y = a  -  kp i f  a  > k F
y = /  kp2 - i f  a  < k F
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Region 1 i s  an a llow ed  r e g io n  i f  a  > k p . I f  a  < kp re g io n  1 
i s  fo rb id d e n . Region 2 i s  alw ays a  sem i-a llo w ed  r e g io n . Region 3 
i s  alw ays an a llo w ed  r e g io n .  F ig . 21 d e p ic ts  th e  th re e  re g io n s  and 
t h e i r  a llo w ed  and fo rb id d e n  p a r t s .  The fo rb id d e n  space l i e s  w ith in  
th e  two sp h e re s  o f r a d iu s  k p .
I t  i s  u s e f u l  to  compare th e  d eu te ro n  w avefunction  in  f r e e  space
to  th e  co rre sp o n d in g  w avefunction  in  n u c le a r  m a t te r .  The l a t t e r  can
be th o u g h t o f  a s  th e  fo rm er m o d ified  by th e  P a u l i  e x c lu s io n  p r i n c i p l e .
For a g iven  n u c le a r  m a tte r  d e n s ity  and d eu te ro n  c e n tre  o f  mass
momentum we can d e f in e  th e  th r e e  re g io n s  as  s p e c i f i e d  in  t h i s  s e c t i o n .
We th e n  d iv id e  th e  d eu te ro n  w avefunction  in  n u c le a r  m a tte r  9 3 andn
th e  f r e e  space w av e fu n c tio n 9 in to  th r e e  p a r t s .
vn vn i vn2 n3
^ f  ** ^ f l  ^ f2 ^ f  3 4 .1 0
The second s u b s c r ip t  r e f e r s  to  which r e g io n  th e  r e l a t i v e  
momenta in  th e  w avefunction  b e lo n g . Each w avefunction  6 . .  can be 
expanded in to  a  sum o f  w avefunctions o f  d e f in i t e  o r b i t a l  a n g u la r  
momentum. The f r e e  space w avefunction  w i l l  o f  cou rse  c o n ta in  
S - s t a te  and D -s ta te  p a r t s  o n ly .
In  re g io n s  1 and 3 th e  a llow ed  space i s  s p h e r ic a l ly  sy m m etric , 
in  th e  case  kp > a th e  a llo w ed  space o f  re g io n  1 i s  s p h e r ic a l ly  
sym m etric in  th e  t r i v i a l  way t h a t  i t  does n o t  e x i s t .  The symmetry o f  
th e  f r e e  space  w avefunction  i s  th e r e f o r  p re s e rv e d  in  th e  n u c le a r  m a tte r  
w avefunction  f o r  re g io n s  1 and 3 . The w av efu n c tio n s  <f»n l  and cj>n3 can  
th e r e f o r  be d e sc r ib e d  by an S - s t a te  and a  D -s ta te  p a r t  o n ly .
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Region 2 , a llow ed  + fo rb id d e n  p a r t s ,  i s  a l s o  a  s p h e r i c a l ly
sym m etric r e g io n . The a llow ed  p a r t  o f  re g io n  2 a lone  however i s  n o t
s p h e r ic a l ly  sym m etric . T h is non-sym m etry d e s tro y s  th e  symmetry
which th e  d eu te ro n  w avefunction  has in  f r e e  space , when th e  d e u te ro n
i s  p ro p a g a tin g  th ro u g h  n u c le a r  m a t te r .  For exam ple, th e  a llo w ed
S - s ta te  p a r t  o f  in  <}>n2 can n o t any lo n g e r  be d e s c r ib e d  by an
S - s ta te  w avefunction  a lo n e . I t  m ust be d e sc r ib e d  by an i n f i n i t e  sum
o f s t a t e s  o f  d e f i n i t e  o r b i t a l  a n g u la r  momentum (w ith  even £ to  con serv e
p a r i t y ) . S im i la r ly  th e  a llo w ed  D -s ta te  p a r t  o f which form s th e
rem ain ing  p a r t  o f  6 „ m ust a l s o  be d e s c r ib e d  by an i n f i n i t e  sum o f  °  J- Yn2
s t a t e s  w ith  d e f i n i t e  o r b i t a l  a n g u la r  momentum w ith  even £ . The 
p re sen ce  o f h ig h  o r b i t a l  a n g u la r  momentum s t a t e s  in  w hich a re  
n o t  p r e s e n t  in  th e  d eu te ro n  w avefunction  in  f r e e  s p a c e , m ust n o t  
c r e a te  th e  im p ressio n  t h a t  th e  P a u l i  e x c lu s io n  p r in c i p le  ’’c r e a t e s ” 
new s t a t e s  f o r  th e  n -p  sy stem . The h ig h  even £ s t a t e s  a r i s e  from 
th e  s t a t e s  a lre a d y  p r e s e n t  in  th e  f r e e  space  d eu te ro n  w av e fu n c tio n .
The p r o b a b i l i t y  o f f in d in g  in  th e  d e u te ro n  w avefunction  o r b i t a l  
a n g u la r  momenta w ith  £ g r e a te r  th an  2 depends on th e  p o s i t io n  and 
e x te n t  o f  r e g io n  2 .
In  th e  l im i t in g  case  when KQ ap p roaches ze ro  th e  sem i-a llo w ed  
r e g io n  v a n is h e s .  T herefore f o r  ex tre m ely  sm a ll KQ v a lu e s  a  d e u te ro n  
p ro p a g a tin g  th rough  n u c le a r  m a tte r  i s  composed a lm o st e n t i r e l y  by an 
S - s t a te  and a  D - s t a t e . The r e l a t i v e  p ro p o r t io n  o f  S - s t a t e  to  D -s ta te  
w i l l  however be d i f f e r e n t  t o  th e  co rre sp o n d in g  p ro p o r tio n  in  f r e e  
s p a c e .
We can now ’’p r e d i c t ” th e  o r b i t a l  a n g u la r  momentum d i s t r i b u t i o n  
o f th e  d eu te ro n  in  n u c le a r  m a tte r  a c c o rd in g  to  th e  id e a s  in tro d u c e d  
so  f a r  in  t h i s  c h a p te r .
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We f i r s t  c o n s id e r  th e  case  when th e  n u c le a r  m a tte r  d e n s i ty  i s  
v ery  s m a ll ,  kp < 0 .3  fnT 1 . When KQ i s  ex trem ely  s m a l l ,  KQ << k p , 
th e re  i s  p r a c t i c a l l y  no sem i-a llo w ed  r e g io n .  Region 1 , which c o n ta in s  
low m agnitude r e l a t i v e  momenta, i s  a  fo rb id d e n  r e g io n .  A m ajo r p a r t  
o f  th e  S - s t a t e ,  which i s  peaked a t  low r e l a t i v e  momenta, i s  th e r e f o r e  
d e s tro y e d  in  t h i s  r e g io n .  A s m a ll  p a r t  o f  th e  D -s ta te  i s  a l s o  
d e s tro y e d  in  re g io n  1 . As KQ in c re a s e s  a sem i-a llo w ed  re g io n  i s  
form ed around  re g io n  1 which i s  s t i l l  a  fo rb id d e n  r e g io n .  Both 
re g io n s  1 and 2 a f f e c t  s t r o n g ly  th e  S - s t a t e .  The e f f e c t  o f  r e g io n s  
1 and 2 on th e  D -s ta te  i s  much w eaker th a n  th e  c o rre sp o n d in g  e f f e c t  
on th e  S - s t a t e .  In  th e  sem i-a llo w ed  r e g io n  th e  dom inant e f f e c t  i s  
th e  tra n s fo rm a tio n  o f  a  la rg e  p a r t  o f  th e  S - s t a t e  i n t o  D - s ta te  and
A
h ig h e r  even Z s t a t e s . We th e r e f o r e  e x p e c t th e  D -s ta te  p r o b a b i l i t y  D
K
to  in c re a s e  r a p id l y ,  from  a  v a lu e  g r e a t e r  th a n  1 a t  K = 0 , a s  - y
in c re a s e s  from  ze ro  t o  k p . The p r o b a b i l i t y  HS^ o f  th e  h ig h e r  s t a t e s
i s  a l s o  ex p ec ted  to  in c r e a s e ,  from  n e a r  ze ro  when K te n d s  to  z e ro ,
K 0
as  in c re a s e s  from ze ro  to  k „ .  As K. in c re a s e s  f u r t h e r ,  r e g io n  1
K0becomes a llow ed  a s  soon as  —  becomes g r e a te r  th a n  kp . Most o f  th e
S - s ta te  in  6j~ becomes a llow ed  a s  an S - s t a t e  in  <J> . We th e r e f o r e  e x p e c t
KoD and HS to  re a c h  a  maximum around -7r- y  kr. and d e c re a se  a s  Kn n n 2 ^  F 0
in c re a s e s  f u r t h e r .  As KQ in c re a s e s  f u r th e r  re g io n  1 w i l l  expand 
s u f f i c i e n t l y  t o  c o n ta in  p r a c t i c a l l y  a l l  th e  S - s t a t e . F u r th e r  ex p an sio n
A
o f  re g io n  1 ( in c re a s e  in  KQ) w i l l  r e s u l t  in  an in c re a s e  o f  Dn and a
f u r th e r  d e c re a se  o f  HS , s in c e ,  th e  n e t  e f f e c t  th e re  w i l l  b e  t h a tn
more D -s ta te  in  <J>p w i l l  l i e  w ith in  r e g io n  1 and hence rem ain  a s  a
D -s ta te  in  cj>n . E v e n tu a lly  r e g io n  1 w i l l  c o n ta in  a l l  o f  th e  S - s t a t e
and D -s ta te  when KQ i s  la rg e  enough. At t h i s  p o in t  th e  d i s t r i b u t i o n
o f r e l a t i v e  momenta in  n u c le a r  m a tte r  w i l l  be i d e n t i c a l  t o  t h a t  o f
f r e e  s p a c e . We th e r e f o r e  e x p e c t D t o  re a c h  a maximum a f t e r  i tn
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in c re a s e s  f o r  th e  second  tim e as KQ in c r e a s e s . As KQ in c re a s e s  
f u r th e r  we e x p e c t to  d e c re a se  ap p ro ach in g  one f o r  la rg e  v a lu e s  o f
A
. We a l s o  e x p e c t th e  d is ta n c e  in  K_ betw een th e  two maxima in  D 0 0 n
to  be sm a ll b ecause  th e  sp re a d  o f  r e l a t i v e  momenta in  th e  8 - s t a t e  p a r t  
o f  th e  d eu te ro n  w avefunction  i s  s m a ll .
When kp i s  v e ry  sm a ll th e  fo rb id d e n  space i s  a l s o  s m a l l .  The 
m ajor m o d if ic a t io n  o f  th e  f r e e  space w avefunction  comes th ro u g h  
m o d if ic a t io n s  o f  i t s  S - s t a te  com ponent. The m ajor p a r t  o f  th e  D - s ta te  
w avefunction  i s  u n a f fe c te d  by th e  P a u l i  e x c lu s io n  p r i n c i p l e .  We 
t h e r e f o r e  e x p e c t th e  e f f e c t  o f  th e  P a u l i  e x c lu s io n  p r in c ip le  t o  b e  
s im i la r  f o r  b o th  th e  p a r a - s t a t e  and o r th o - s t a t e  c o n f ig u r a t io n s .  At 
th e se  sm a ll n u c le a r  m a tte r  d e n s i t i e s  th e  d eu te ro n  i s  alw ays bound . T h is  
i s  a d i r e c t  consequence o f  th e  sm a ll e x te n t  o f  th e  fo rb id d e n  r e g i o n .
In  o th e r  words th e  a llow ed  re g io n  c o n ta in s  s u f f i c i e n t  n -p  s t a t e s  to  
form a  bound d e u te ro n .
For l a r g e r  v a lu e s  f o r  th e  Fermi momentum, k p , re g io n s  1 and 2 
c o n ta in  to g e th e r  th e  m ajor p a r t  o f  a l l  p o s s ib le  s t a t e s  o f  th e  n -p  
system . The S - s t a te  i s  c o n ta in e d  m o stly  in  r e g io n  1 and th e  D -s ta te  
i s  c o n ta in e d  m ostly  in  re g io n  2 . The D -s ta te  component w ith  o r b i t a l
A |
a n g u la r  momentum p r o je c t io n  a lo n g  th e  z -a x is  (K ^), |2  ± 2> , i s  co n cen -
f*
t r a t e d  around a  p la n e  p e rp e n d ic u la r  to  5 t h a t  i s  th e  p la n e  th ro u g h  
th e  m iddle o f  th e  l i n e  jo in in g  th e  c e n t r e s  o f  th e  two Ferm i sp h e re s  
and a t  r i g h t  an g le  to  t h i s  l i n e . T his D -s ta te  component has th e r e f o r e  
th e  l e a s t  o v e rla p  w ith  th e  fo rb id d e n  r e g io n .  For a  g iv en  c e n t r e  o f  
mass momentum and kp > 0 .3  fm~* th e  p a r a - s t a t e  c o n f ig u ra t io n  w i l l  
c o n ta in  a  l o t  more a llow ed  n -p  s t a t e s  b e lo n g in g  to  th e  D -s ta te  th a n  
th e  o r th o - s t a t e  c o n f ig u r a t io n .  The D -s ta te  a lo n e  however does n o t  
p roduce a  bound s t a t e .  S ince m ost o f  th e  S - s t a te  l i e s  in  r e g io n  1 , th e
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d eu te ro n  sh o u ld  be unbound when re g io n  1 i s  fo rb id d e n , t h a t  i s  when 
K
k„ > o As K in c re a s e s  from  ze ro  th e  p a r a - s t a t e  w i l l  f i r s t  form  a
K0bound s t a t e  soon a f t e r  -^-becom es g r e a t e r  th a n  k p . The D -s ta te
A
p r o b a b i l i t y ,  DnS o f th e  p a r a - s t a t e  w i l l  in c re a s e  r a th e r  s h a rp ly  as KQ 
in c r e a s e s ,  a f t e r  a  bound s t a t e  i s  fo rm ed . T h is  in c re a s e  w i l l  come 
p a r t l y  th ro u g h  c o n t r ib u t io n s  from  th e  S - s t a te  o f  c{>p ly in g  in  th e  sem i- 
a llow ed  re g io n  and p a r t l y  because  th e  component | 2 ± 2> w i l l  become 
a llo w ed . As in c re a s e s  f u r th e r  r e g io n  1 w i l l  c o n ta in  p r a c t i c a l l y  
a l l  th e  S - s t a te  in  <f>p. A f u r th e r  in c re a s e  in  KQ w i l l  make re g io n  1 
la rg e  enough to  c o n ta in  more and more o f  th e  s t r o n g ly  a f f e c t e d  D - s ta te  
com ponents, | 2 ± 1> and | 2 0> . We th e r e f o r  e x p e c t D^ to  re a c h  a
A
maximum as  K. i n c r e a s e s . As K. in c re a s e s  f u r th e r  we e x p e c t D to  o 0 n
A
re a c h  a  minimum o f  v a lu e  l e s s  th a n  1 . T h e re a f te r  D i s  e x p e c te d  ton
in c re a s e  as KQ in c re a s e s  f u r th e r  ap p ro ach in g  1 when KQ i s  v e ry  l a r g e .
The shape o f  D as a fu n c tio n  o f  KQ, soon a f t e r  th e  d e u te ro n
n K
becomes bound, depends on how soon th e  d eu te ro n  becomes bound a f t e r  -75-
becomes g r e a t e r  th a n  k p . T his in  tu rn  depends on how many a llo w ed
KoD -s ta te  components th e re  a re  in  when becomes g r e a te r  th a n  kp . As 
kp in c re a s e s  th e s e  a llow ed  D -s ta te  com ponents r e d u c e . When k p is  la rg e  
enough even th e  D -s ta te  component |2  ± 2> has i t s  m ajor p a r t  in  th e  
fo rb id d e n  s p a c e . For th e  d eu te ro n  to  be bound in  t h i s  case  th e  a llo w ed  
re g io n  1 sh o u ld  be la rg e  enough to  c o n ta in  w ith in  i t  p r a c t i c a l l y  a l l  
th e  S - s t a te  o f  The S - s t a te  p a r t  o f  i s  n e v e r tra n s fo rm e d  in t o
o th e r  s t a t e s  in  f o r  t h i s  c a s e .  For la rg e  enough k p , kp > 1 .4  fm "1 ,
A
we e x p e c t D^ t o  in c re a s e  u n ifo rm ly , f o r  th e  p a r a - s t a t e  c o n f ig u r a t io n ,  
from  a sm a ll v a lu e ,  as  KQ in c r e a s e s ,  ap p ro ach in g  one f o r  v e ry  la rg e  
v a lu e s  o f  KQ.
The argum ent f o r  th e  o r th o - s t a t e  c o n f ig u ra t io n  i s  s im i la r  to  
th e  above. The D -s ta te  component |2  ± 2> however i s  n o t  p r e s e n t  in  
th e  o r t h o - s t a t e .  For a  g iv en  and kp* (kp > 0 .3  fm"1 ) ,  th e re  a re  a 
l o t  l e s s  a llow ed  D -s ta te  com ponents in  th e  o r th o - s t a t e  th a n  in  th e  
p a r a - s t a t e .  For kp > 0 .3  fm""1 we th e r e f o r e  e x p e c t th e  o r th o - s t a t e  
c o n f ig u ra t io n  to  produce a  bound s t a t e  f o r  l a r g e r  v a lu e  th a n  th e
A
p a r a - s t a t e .  The i n i t i a l  in c re a s e  in  Dn as KQ in c re a s e s *  a f t e r  a
bound s t a t e  i s  fo rm ed , i s  ex p ec ted  to  be l e s s  sh a rp  than  th e  c o rre sp o n d in g
in c re a s e  in  f o r  th e  p a r a - s t a t e . The v a lu e  o f  kp when th e  maximum in
A
Dn graph  d is a p p e a rs  f o r  th e  o r th o - s t a t e  i s  e x p e c te d  to  be s m a l le r  th a n  th e  
co rre sp o n d in g  v a lu e  o f  kp f o r  th e  p a r a - s t a t e .
The h ig h e r  even £ s t a t e s  in  th e  d e u te ro n  w avefunction  $ a r i s e  
from th e  se m i-e x c lu s io n  o f  th e  S - s t a t e  and D -s ta te  o f ; s in c e  th e  
S - s t a te  i s  much more p o p u la te d  th a n  th e  D -s ta te  in  we e x p e c t HS^
to  be a p p re c ia b ly  g r e a t e r  th a n  ze ro  when re g io n  2 c o n ta in s  a  la rg e  
p o r t io n  o f  th e  S - s t a t e  and th e  d eu te ro n  form s a  bound s t a t e . These 
c o n d it io n s  a re  f u l f i l l e d  when b o th  kp and KQ a re  v e ry  sm a ll  and ab o u t 
eq u a l t o  each  o t h e r .
Comment:
The P a u l i  p ic tu r e  we have developed  in  t h i s  c h a p te r  e x p la in s  
p r a c t i c a l l y  a l l  th e  f e a tu r e s  o f  a  d e u te ro n  p ro p a g a tin g  th rough  
n u c le a r  m a tte r  as d e r iv e d  from th e  use  o f th e  Yamaguchi p o t e n t i a l .
T h is p ic tu r e  however i s  q u ite  g e n e ra l*  i t  can be a p p l ie d  to  
any p o t e n t i a l .  The d iv i s io n  o f  th e  v a lu e s  o f  th e  r e l a t i v e  momenta in  
th e  d eu te ro n  w avefunction  in to  th r e e  re g io n s  (tw o o f which have th e  
p ro p e r ty  o f p re s e rv in g  th e  i n i t i a l  symmetry o f  th e  w av efu n c tio n  and 
one n o t  p o s se s s in g  t h i s  p ro p e r ty )  i s  n o t  p a r t i c u l a r  to  th e  Yamaguchi 
p o t e n t i a l .  . .
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.Figure 19. R elative  o r ien ta tio n  of the centre o f  mass momentum, 
Kq, and the plane o f o r b it  o f  the neutron and proton, 
(sp in  o f the deuteron S^) When the in t r in s ic  sp in s o f  
the neutron and proton are n e g le c te d .
In figu re A *K^  = 1
In figu re  B = 0
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0.4-
Figure 20. D istr ib u tio n  o f r e la t iv e  momenta in  the S - s ta t e ,  P ,
5
and the D -sta te  and Pn are norm alized in  suchD s D
' a way th at th e ir  resp ec tiv e  maxima are equal to  one.
a. > Kjp
Figure 21 . D iv ision  of the r e la t iv e  momenta space, 
' k-space, in to  forb id den , allow ed and
sem i-allowed r e g io n s .
/
CHAPTER 5
A new te n s o r  p o t e n t i a l  o f  th e  Tp ty p e  in  th e  d e u te ro n  o p t i c a l
p o te n t i a l
We have exam ined in  th e  l a s t  two c h a p te rs  th e  e f f e c t  o f  th e  P a u l i  
e x c lu s io n  p r in c ip le  on th e  i n t e r n a l  m otion o f  th e  d eu te ro n  when th e  
d eu te ro n  i s  p ro p a g a tin g  th ro u g h  n u c le a r  m a t te r .  We have shown t h a t  
th e  o r th o - s t a t e  and p a r a - s t a t e  c o n f ig u ra t io n s  a re  non d e g e n e ra te  in  
n u c le a r  m a t te r .  T h is i s  a s p in  dependen t e f f e c t .  The p a r a - s t a t e  and 
o r th o - s t a t e  c o n f ig u ra t io n s  co rresp o n d  t o  d i f f e r e n t  e ig e n v a lu e s  o f  
th e  o p e ra to r  M,
M = £.K q 5 .1
A
The p a r a - s t a t e  co rresp o n d s  to  M = ± 1 and th e  o r th o - s t a t e  
co rresp o n d s  to  M = 0 . In  th e  p re sen ce  o f  n u c le a r  m a tte r  t h e r e f o r e ,
-j-
th e re  a re  in  g e n e ra l  two 1 s p in  t r i p l e t  s t a t e s  o f  th e  n -p  sy stem .
The degeneracy  o f  th e  s t a t e s  w ith  M = + 1 and M = -  1 su g g e s ts  t h a t
A
th e  e f f e c t  we exam ine h e re  has  a  q u a d ra t ic  dependence on M. As we 
w i l l  s h o r t ly  show th e  b in d in g  energy  d i f f e r e n c e 3 Ae9 betw een th e  s t a t e s
^  A
w ith  M = ± 1 and M = 0 can be a t t r i b u t e d  to  a  te n s o r  fo rc e  o f  th e  T^ 
type  in  th e  d eu te ro n  o p t i c a l  p o t e n t i a l ,  w ith  th e  s t r e n g th  o f  t h i s  te n s o r  
fo rc e  sim ply  r e l a t e d  to  Ae.
5 .A. Need f o r  a  te n s o r  fo rc e  o f  th e  Tp ty p e
The b in d in g  energy  d i f f e r e n c e ,  Ae, betw een th e  s t a t e s  w ith  
M = ± 1 and M = 0 in c re a s e s  as  th e  n u c le a r  m a tte r  d e n s ity  in c r e a s e s .
For n u c le a r  m a tte r  d e n s i t i e s  s im i la r  to  th e  c e n t r a l  d e n s i ty  o f  r e a l  
n u c le i  Ae has a  maximum v a lu e  s l i g h t l y  below  2 MeV a t  deu teron . k i n e t i c
e n e rg ie s  around 200 MeV. Such an e f f e c t  would have been v e ry  d i f f i c u l t  
to  observe e x p e r im e n ta lly  a  few y e a rs  ago . However th e  s p in  depen­
dence o f  t h i s  e f f e c t  and th e  r e c e n t  developm ents o f  e l a s t i c  s c a t t e r i n g  
ex p erim en tss  in  which th e  f iv e  o b s e rv a b le s ,  a ( 0 ) ( th e  c r o s s - s e c t io n  
fo r  u n p o la r iz e d  d e u te ro n s ) ,  i  T11S T2q 9 "*2 1 3 ^22 analYs i n S powers
f o r  p o la r iz e d  d e u te ro n s )  a re  a l l  m easured ov er a c o n s id e ra b le  a n g u la r  
ran g e  and f o r  a  v a r i e ty  o f  t a r g e t s  and e n e rg ie s  make th e
e x p e rim e n ta l d e te c t io n  o f  th e  e f f e c t  under s tu d y  h e re  p o s s i b le .  
Furtherm ore th e  r e s u l t s  o f  th e  above m entioned  ex p erim en ts  show t h a t  
f o r  in c id e n t  d eu te ro n  e n e rg ie s  above th e  Coulomb b a r r i e r  p r e s e n t  day 
th e o r ie s  a re  in a d eq u a te  to  e x p la in  th e  d a ta  23 a2 6 .
The f i r s t  t h e o r e t i c a l  s tu d y  o f  th e  sp in -dependence  o f  th e  
d e u te ro n -n u c le u s  e l a s t i c  s c a t t e r in g  was done by S a tc h le r  
S ta r t in g  from g e n e ra l  p r i n c i p l e s ,  b ased  on th e  p r e s e n t  day know ledge o f  
th e  symmetry p r o p e r t i e s  o f  n u c le a r  f o r c e s ,  and assum ing t h a t  term s 
a t  m ost q u a d ra t ic  in  th e  momentum o p e ra to r  a re  p r e s e n t  in  th e  o p t i c a l  
p o t e n t i a l ,  he showed t h a t  th e  o p t i c a l  p o t e n t i a l  d e s c r ib in g  th e  
e l a s t i c  s c a t t e r i n g  o f a  s p in  one p a r t i c l e  by a s p in  ze ro  t a r g e t  can 
c o n ta in  a p a r t  from  th e  u s u a l  sp in  o r b i t  te rm  th r e e  p o s s ib le  ty p e s  
o f  te n s o r  term s o f  ran k  2 , which a re  u s u a l ly  d eno ted  by T ^, T^ and
Tp. The form o f  th e s e  p o t e n t i a l s  i s  as fo llo w s .
VR = Ur (R )T r * r  = (S -R ) 2 -  | 5 .2
t l  = + |  k '§ .  " f 1,2 5 -3
Vp = Up (R )T p + TpUp(R) , Tp = (S .P ) 2 -  |  P2 5 .4
S a tc h le r  *■ j20 a l s o  showed how th e  TR ty p e  o f  te n s o r  p o t e n t i a l  can 
be g e n e ra te d  from th e  Watanabe model when th e  d eu te ro n  D -s ta te  i s  
in c lu d e d .
E l a s t i c  s c a t t e r i n g  ex p erim en ts  w ith  p o la r iz e d  d e u te ro n s  a re
m ain ly  perform ed  a t  low d e u te ro n  in c id e n t  e n e r g ie s .  I t  seems a t
th e  p r e s e n t  tim e t h a t  f o r  subcoulomb e n e rg ie s  th e  on ly  te n s o r  p o t e n t i a l
2 2 023,2k
needed in  th e  d e u te ro n  n u c leu s  o p t i c a l  p o t e n t i a l  i s  o f  th e  TR ty p e .
For h ig h e r  in c id e n t  d e u te ro n  e n e r g ie s ,  th e o ry  and ex p erim en t d i s a ­
g ree  c o n s id e ra b ly  even when b o th  TR and ty p e s  o f  te n s o r  i n t e r -
23,28
a c t io n s  a re  in c lu d e d  in  th e  o p t i c a l  p o t e n t i a l  . The in c lu s io n
o f  a  Tp ty p e  o f  te n s o r  p o t e n t i a l  m ight prove very  u s e fu l  in  b r in g in g
th e  t h e o r e t i c a l  p r e d ic t io n s  c lo s e r  to  th e  e x p e rim e n ta l d a ta .
JLyovshin f i r s t  p roposed  a  mechanism f o r  p ro d u c in g  such  a
p o t e n t i a l .  However, t h i s  c o n t r ib u t io n  i s  p r o p o r t io n a l  to  th e  en e rg y  
d e r iv a t iv e  o f  th e  n u c leo n  o p t i c a l  p o t e n t i a l  and i s  th e r e f o r e  much 
sm a lle r  th a n  th e  TR p o t e n t i a l  p r e d ic te d  by th e  f o ld in g  m odel. A 
mechanism f o r  p ro d u c in g  a Tp ty p e  te n s o r  p o t e n t i a l  o f  n o n -n e g lig ib le  
s t r e n g th  has n o t so  f a r  been p ro p o sed .
5 .B . The Tp te n s o r  te rm  in  th e  d e u te ro n  o p t i c a l  p o t e n t i a l
The S ch ro d in g er e q u a tio n  f o r  a  d e u te ro n  p ro p a g a tin g  th ro u g h  
n u c le a r  m a tte r  i s
(E -  T -  H -  V)tJ> = 0 5 .5R np ym
where TR i s  th e  k i n e t i c  energy  o p e ra to r ,  H i s  th e  i n t e r n a l  
H am ilton ian  f o r  th e  d e u te ro n  and V th e  o p t i c a l  p o t e n t i a l  o f  th e  
d e u te ro n  in  n u c le a r  m a tte r .
- su -
The e x a c t  s o lu t io n  i s  o f  th e  form
iK .R
= ♦m(^ Kb2)e —9 0 5 ,6
where <f>m( r 9K02 ) i s  th e  d eu te ro n  w avefunction  fo r. r e l a t i v e  m o tio n , 
and i t  i s  th e  s o lu t io n  o f  th e  S cn ro d in g er e q u a tio n  in  n u c le a r  m a t te r ,  
e q u a tio n  2 . 1 0 .
The s u b s c r ip t  m r e f e r s  to  th e  e ig e n v a lu e  o f  th e  o p e ra to r  
M = . KQ , and
w ith  (BE)m th e  b in d in g  energy  o f th e  d e u te ro n .
S u b s t i tu t in g  5 .6  in  5 .5  and u s in g  5 .7  we see t h a t  Kq m ust 
s a t i s f y
5 .7
+ (BE) -  V = 0 5 .8
where m i s  th e  n u c leo n  m ass, o r
m 5 .9
5 .1 0
Hence
v+ - v0 - • t(BE)± ■ (BEV =' Ae 5-u
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The b in d in g  energy  o f  th e  d eu te ro n  in  n u c le a r  m a tte r  depends
on th e  sq u are  o f  (S_*Kq ) .  The o n ly  p h y s ic a l ly  re a so n a b le  te rm  in  th e
4,20
d eu te ro n  o p t i c a l  p o t e n t i a l ,  h av ing  such  a dependence on M i s
th e  te n s o r  te rm  o f  th e  Tp ty p e .  We th e r e f o r e  w r ite  th e  d eu te ro n  
o p t i c a l  p o t e n t i a l  as  a sum o f a c e n t r a l  te rm  and a te n s o r  te rm  
o f  th e  Tp ty p e .
where
Hence
V = V. + J[VP S ( L )  + S(Kn ) V l  5 .12m c P —o —y p
S(f>) = 2[3(S«K0 ) -  s23 5.13
V± V0 = g’|v p [2 (3  -  2 ) -  2 (-2 )3  + [2 (3  -  2 ) -  2 (-2 )3V pj
V± " V0 = 6Vp 5 .14
Ae = -  6Vp 5.15
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CHAPTER 6
THE PROPAGATION OF A DEUTERON THROUGH A FINITE NUCLEUS
The work p re s e n te d  so  f a r  was concerned  w ith  th e  p ro p a g a tio n  
o f  a  d e u te ro n  th rough  n u c le a r  m a t te r .  When a d eu te ro n  i s  p ro p a g a tin g  
th ro u g h  a f i n i t e  n u c leu s  e f f e c t s  s im i la r  to  th e  ones d is c u s se d  f o r  
n u c le a r  m a tte r  w i l l  a r i s e .  T h e ir  e v a lu a t io n  however i s  much more 
d i f f i c u l t  th a n  th e  c o rre sp o n d in g  n u c le a r  m a tte r  c a l c u l a t i o n s . We 
know from th e  work p re s e n te d  t h i s  f a r  t h a t  a  new te n s o r  te rm  o f  th e  
Tp ty p e  i s  p r e s e n t  in  th e  d e u te ro n -n u c le u s  o p t i c a l  p o t e n t i a l .  An 
e x a c t  th e o ry  a c c o u n tin g  f o r  t h i s  te rm  i s  beyond th e  scope o f  th e  
p r e s e n t  w ork. Our o b je c t iv e  i s  l im i te d  to  a  rough e s t im a te  o f  th e  
s t r e n g th  and shape o f t h i s  te rm .
In  t h i s  c h a p te r  we p ropose  a  s im p le  m odel f o r  th e  p ro p a g a tio n  
o f  a  d e u te ro n  th rough  a  f i n i t e  n u c le u s . T h is model e n a b le s  us to  
o b ta in  th e  p a r a - s t a t e  and o r th o - s t a t e  b in d in g  en erg y  o f  th e  d e u te ro n , 
and t h e i r  d i f f e r e n c e ,  which i s  r e l a t e d  to  th e  s t r e n g th  o f  th e  new 
te n s o r  f o r c e ,  as  a  fu n c tio n  o f  th e  d e u te ro n  n u c leu s  s e p a r a t io n .  The 
assum ptions u n d e r ly in g  th e  m odel a re  exam ined and t h e i r  ran g e  o f  
v a l i d i t y  e s ta b l i s h e d .
6 . A. A s im ple  model f o r  th e  p ro p a g a tio n  o f  a  d eu te ro n  th ro u g h  a
f i n i t e  n u c leu s  and th e  u n d e rly in g  assum ptions
The model we p ropose  h e r e ,  fo r  th e  p ro p a g a tio n  o f  a  d eu te ro n  
th ro u g h  a  f i n i t e  n u c le u s , i s  b ased  on th e  fo llo w in g  f iv e  a s s u m p tio n s .
a )  V a lid i ty  o f  th e  lo c a l  d e n s ity  ap p ro x im atio n  (L .D .A .) . We assume 
t h a t  ev e ry  p o in t  in  -die t a r g e t  n u c le u s  i s  su rro u n d ed  by a
neighbourhood w hich can  be approx im ated  by n u c le a r  m a tte r  o f  
p r a c t i c a l l y  c o n s ta n t  d e n s i ty .
b ) The s p a t i a l  s e p a ra t io n  o f th e  n e u tro n  and p ro to n  in  th e  d eu te ro n  
can be n e g le c te d .  In  e f f e c t  we assume t h a t  th e  d eu te ro n  i s  a 
p o in t  p a r t i c l e  !
c) The e n e rg ie s  o f  th e  n e u tro n  and p ro to n  in  th e  d e u te ro n  a re  b o th
e q u a l to  h a l f  th e  d eu te ro n  t o t a l  e n e rg y .
d) The c e n tre  o f  mass m otion o f th e  d eu te ro n  i s  a d ia b a t i c  in
com parison to  i t s  r e l e v a n t  i n t e r n a l  m o tio n .
e )  I n e l a s t i c  p ro c e s se s  have no s i g n i f i c a n t  c o n t r ib u t io n  to  th e  
e l a s t i c  c h a n n e l.
Some o f  th e se  assum ptions look  u n r e a l i s t i c  a t  f i r s t .  We w i l l  
however se e  in  th e  n e x t s e c t io n ,  where th e  v a l i d i t y  o f  th e s e  a ssu m p tio n s 
i s  exam ined, t h a t  th e  model we p ropose  h e re  i s  p h y s ic a l ly  m ean in g fu l 
fo r  c e r t a in  en erg y  ra n g e s  o f th e  in c id e n t  d e u te ro n .
The p ro p a g a tio n  o f  a  d eu te ro n  th ro u g h  a f i n i t e  n u c le u s  i s  
d iv id e d , in  t h i s  m odel, in to  s te p s  where th e  d eu te ro n  i s  p ro p a g a t in g  
th rough  neighbourhoods o f  c o n s ta n t  d e n s i ty ,  p , w ith  c o n s ta n t  e n e rg y ,
E. The n u m e ric a l p a r t  o f  th e  problem  i s  th e r e f o r e  c o n v e n ie n tly  red u ce d  
to  a s im p le  n u c le a r  m a tte r  c a l c u la t io n .  The energy  o f th e  d e u te ro n , 
in  a  neighbourhood  lo c a te d  a d is ta n c e  R from th e  c e n tre  o f  th e  t a r g e t ,  
i s
E = Ed -  V p(R ) -  Vn (R ) 6 .1
where E^ i s  th e  in c id e n t  d eu te ro n  energ y  and V-,(R) anc* Vn (R) a re  
nucleon  o p t i c a l  p o t e n t i a l s ,  in c lu d in g  th e  Coulomb f i e l d  due to  a  
u n ifo rm ly  charged  s p h e r ic a l  n u c leu s  f o r  th e  p r o to n . The p o t e n t i a l
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Vn and th e  s tro n g  in t e r a c t io n  p a r t  o f  a re  ta k en  from e q u a tio n  13 
o f  r e f e r e n c e  42 e v a lu a te d  a t  J  E^ . The s p in  o r b i t  and im ag inary  
p a r t s  o f Vn and V a re  n e g le c te d .  The p o t e n t i a l  and Vn have th e
form 42
f r _ c  %
Vp(R) = vo (R) -  Vop 1 + e V 1
V
6 . 2
V (R) = -  Vn on
R-C
1 + e v 6 .3
where 42
Cy = 1 .17  A ^fm a v = 0 .75 fm 6 .4
and th e  Coulomb p o t e n t i a l  Vc i s
2
Zze ”3= 2R c R 2c
2
„ Zze
R
a R < R
R > R
6 .5
The r a d iu s  R i s  g iven  by E lto n  iflf
y  - h
R = (1 .1 2 3  A 3 + 2 .352 A 3 -  2 .07  A"*1 )fm c 6 .6
A i s  th e  mass number o f  th e  t a r g e t ,
Z i s  th e  a tom ic number o f  th e  t a r g e t  and
ze i s  th e  ch arg e  o f  th e  d e u te ro n , z = 1 .
The s t r e n g th s  o f  th e  p ro to n  and n e u tro n  o p t i c a l  p o t e n t i a l s  V 
and V a re  g iv e n  by
op
op
on
= |*55.
1 Ed 1
2 + 24(N -  Z)/A + 0 .27  Z/A ~  -  0 .32  y MeV
6 .7
= [^55.2 - 24(N -  Z)/A  -  0 .32 MeV
Hence
E(R) = Ed -  VC(R) +
1 1 0 .4 + 0 .27Z/A i- 0 . 32Ed
MeV 6 . 8
The o p t i c a l  p o t e n t i a l s  vn (R) &nd V (R) a re  v a l id  f o r  n e u tro n  
and p ro to n  e n e rg ie s  l e s s  th a n  50 MeV and f o r  t a r g e t s  w ith  mass 
number A > 40 . The e x p re s s io n  f o r  th e  d eu te ro n  t o t a l  e n e rg y , E (R ), 
i s  ex p ec ted  to  be a c c u ra te  f o r  E^ < 100 MeV. We have however u sed  
th i s  e x p re s s io n  f o r  h ig h e r  e n e rg ie s  as w e l l ,  becau se  e r r o r s  in tro d u c e d  
in  t h i s  way do n o t  a f f e c t  d r a s t i c a l l y  th e  e f f e c t  o f  th e  P a u l i  e x c lu ­
s io n  p r i n c i p l e .
The Fermi momentum, k p , p r e v a i l in g  a t  a  neighbourhood  lo c a te d  
a  d is ta n c e  R from th e  c e n t r e  o f  th e  t a r g e t  i s  d e te rm in ed  from th e  lo c a l  
d e n s i ty ,  p (R ) , a t  R th rough
We have assumed t h a t  th e  n e u tro n  and p ro to n  d e n s i t i e s  a re  th e  
same and used  th e  Fermi charge d i s t r i b u t i o n  in  t a b le  3 o f  r e f e r e n c e  41 
f o r  th e  d e n s i ty  d i s t r i b u t i o n .  We have n o t  u n fo ld ed  th e  e l e c t r o ­
m agnetic  s iz e  o f  th e  p ro to n ; e r r o r s  due to  t h i s  a re  co m p le te ly  n e g l i ­
g ib le  f o r  th e  puposes o f  t h i s  w ork. The Fermi ch arg e  d i s t r i b u t i o n  in  
r e fe re n c e  41 i s  o b ta in e d  from X -ray t r a n s i t i o n  e n e rg ie s  in  muonic 
atoms 5 i t  h as  th e  form
3ir2p(R)7^ 6 .9
p(R ) = pQ 1 + e 6 .1 0
where
The v a lu e s  o f  th e  p a ra m e te rs  o f  th e  Fermi d i s t r i b u t i o n  ^  f o r  
a  number o f  n u c le i  a re  g iven  in  t a b le  3 .
T able 3
N ucleus P0
Cd
(fm)
a d 1 
(fm)
i!
C
O
O 
• 
*0 H 0 .1806 2.4421 0.52339
56pp
26 0.1652 4.1177
u
92Zr^ 4 0 0*1667 4.9117
I t
120Sn50 0,1614 5.4591
n
208pb
82 0.1593 6.6475
t f
6 .B . V a l id i ty  o f  b a s ic  assum ptions
A tre a tm e n t o f  th e  P a u l i  e x c lu s io n  p r in c i p le  f o r  f i n i t e  n u c l e i ,  
where th e  d e n s i ty  i s  n o t  un ifo rm  th ro u g h o u t th e  n u c le u s ,  i s  v e ry  much 
more co m p lica ted  th a n  th e  co rre sp o n d in g  n u c le a r  m a tte r  c a l c u l a t i o n .  
The a p p a re n t su c c e s se s  o f  n u c le a r  m a tte r  c a lc u la t io n s  34 ,47  ancj 
th e  s h o r t  ran g e  c h a r a c te r  o f n u c le a r  fo rc e s  make th e  lo c a l  d e n s i ty  
ap p ro x im atio n  (L .D .A .) a  l o g i c a l  s im p l i f i c a t io n  o f  th e  p ro b lem . The 
b a s ic  assum ption  f o r  t h i s  ap p ro x im atio n  i s  t h a t  th e  r e a c t io n  m a tr ix  
f o r  an i n t e r a c t in g  p a i r  o f  n u c le o n  lo c a te d  a t  a p o s i t io n  R in s id e  
a  f i n i t e  n u c le u s  can be re p la c e d  by th e  r e a c t io n  m a tr ix  f o r  n u c le a r  
m a tte r  e v a lu a te d  f o r  th e  lo c a l  d e n s i ty  a t  R, o r  some av e ra g e  v a lu e
o f  i t  in  a  sm a ll re g io n  su rro u n d in g  K. The j u s t i f i c a t i o n  f o r  t h i s  
i s  t h a t  th e  d e n s ity  o f r e a l  n u c l e i ,  e s p e c ia l ly  heavy o n e s , does n o t  
change v e ry  much over a  d is ta n c e  co rre sp o n d in g  to  th e  ran g e  o f  th e  
n u c leo n -n u c leo n  f o r c e ,  L.D.A. was proven v e ry  s u c c e s s f u l  f o r  heavy 
n u c le i
The fo u n d a tio n s  o f  assum ption  b lo o k  a t  f i r s t  g la n c e  v e ry  sh ak y . 
The s e p a ra t io n  o f th e  n e u tro n  and p ro to n  in  th e  d eu te ro n  i s  f o r  long  
tim es  much l a r g e r  th an  th e  n u c leo n -n u c leo n  fo rc e  range  35 , u n l ik e  th e  
co rre sp o n d in g  s e p a ra t io n  o f  two bound in t e r a c t in g  n u c leo n s  in  a f i n i t e  
n u c le u s . The v a r i a t io n  o f  d e n s i ty  o v e r a  d is ta n c e  c o rre sp o n d in g  to  
th e  s i z e  o f  th e  d eu te ro n  i s  c e r t a in l y  n o t  n e g l ig ib l e  th ro u g h o u t th e  
volume o f r e a l  n u c l e i .  T his v a r i a t io n  can b e  c o n s id e re d  sm a ll o n ly  in  
th e  c e n t r a l  re g io n  o f  medium and heavy n u c l e i . At th e  s u r f a c e  re g io n  
however th e  d e n s ity  v a r i a t io n  ov er a  d is ta n c e  co rre sp o n d in g  to  th e  s iz e  
o f  th e  d eu te ro n  i s  la rg e  even f o r  heavy n u c l e i .  The la rg e  s iz e  o f  th e  
d eu te ro n  however i s  a s s o c ia te d  w ith  th e  sm a ll r e l a t i v e  momenta 
p r e v a i l in g  in  i t s  S - s t a te  com ponent. The D -s ta te  p a r t  o f  th e  d e u te ro n  
w avefunction  c o n ta in s  la rg e  r e l a t i v e  momenta and i t  i s  th e r e f o r e  much 
more lo c a l i s e d  in  sp a c e . The te n s o r  f o r c e ,  o f  th e  T^ ty p e ,  which we 
w ant to  in v e s t ig a te  h e re  a r i s e s  from th e  a c t io n  o f  th e  P a u l i  e x c lu s io n  
p r in c ip le  on th e  D -s ta te  p a r t  o f  th e  d eu te ro n  w a v e fu n c tio n . L .D .A . 
m igh t th e r e f o r e  be adeq u a te  f o r  a rough e s t im a te  o f  th e  s t r e n g th  o f  
t h i s  fo rc e  even a t  th e  s u r fa c e  r e g io n ,  a t  l e a s t  f o r  medium and heavy 
n u c l e i .  A t low and h ig h  in c id e n t  d eu te ro n  e n e rg ie s  L.D.A. can be 
j u s t i f i e d  f u r t h e r .  For v e ry  low in c id e n t  d e u te ro n  e n e r g ie s ,  subcoulom b 
re g io n ,  th e  e f f e c t  o f  th e  P a u l i  e x c lu s io n  p r in c i p le  on th e  i n t e r n a l  
m otion  o f  th e  d e u te ro n , a t  th e  s u r fa c e  r e g io n  o f th e  t a r g e t  (low  
d e n s i ty  r e g io n ) ,  i s  th e  d e s t r u c t io n  o f  a  la r g e  p a r t  o f  th e  low r e l a t i v e  
momentum s t a t e s  o f th e  S - s t a t e ,  w ith o u t much e f f e c t  on th e  D - s t a te .
The b in d in g  en erg y  d i f f e r e n c e 3 and hence th e  s t r e n g th  o f  th e  T te n s o r
ST
f o r c e 9 i s  sm a ll in  t h i s  c a s e .  The d e s t r u c t io n  o f  th e  low r e l a t i v e  
momenta im p lie s  t h a t  th e  s i z e  o f  th e  d eu te ro n  i s  re d u c e d . L.D.A. 
m igh t n o t  th e r e f o r e  be a  bad app ro x im atio n  in  t h i s  c a s e .
We have seen  in  c h a p te r  4 t h a t  f o r  h ig h  in c id e n t  d e u te ro n  
e n e rg ie s  * E^ > 100 MeV th e  S - s t a te  i s  p r a c t i c a l l y  u n a f fe c te d  by th e  
P a u li  e x c lu s io n  p r i n c i p l e .  The ex c lu d ed  r e l a t i v e  momenta b e lo n g  to  
th e  D -s ta te  and th e y  th e r e f o r e  co rresp o n d  to  sm a ll n e u tro n -p ro to n  
s e p a r a t io n s .  Furtherm ore a t  th e  s u r fa c e  re g io n  (low d e n s i ty  r e g io n )  
th e  b in d in g  en erg y  d if f e r e n c e  i s  s m a ll .  The m ost im p o rta n t p ro p e r ty  
o f  th e  t a r g e t  a f f e c t in g  th e  s t r e n g th  o f  th e  te n s o r  fo rc e  i s  m ost 
l i k e l y  th e  lo c a l  d e n s i ty .  L.D.A. m ust th e re f o r e  be a  re a s o n a b le  
app ro x im atio n  a t  h ig h  in c id e n t  d eu te ro n  e n e r g ie s .
For medium in c id e n t  d eu te ro n  e n e rg ie s  how ever3 Coulomb b a r r i e r  
energy  < < 100 MeV* n e i t h e r  o f  th e  above two argum ents i s  v a l i d .
We do n o t  e x p e c t L.D.A, to  be a  good ap p rox im ation  f o r  t h i s  ran g e  o f 
in c id e n t  d e u te ro n  e n e r g ie s .
Assumption C was in c o rp o ra te d  in  W atanabe’s o r i g i n a l  m odel and 
i t  was exam ined by Johnson and Soper * who found t h a t  p o s s ib le  
c o r r e c t io n s  r e l a t e d  to  t h i s  assum ption  would n o t  amount to  more th a n  
a  4-% c o r r e c t io n  t o  th e  o p t i c a l  p o t e n t i a l .
We do n o t ex p e c t th e  a d ia b a t ic  assum ptions assum ption  d .  t o  be 
v a l id  f o r  a l l  in c id e n t  d eu te ro n  e n e r g i e s . We now examine in  a  sem i- 
q u a n t i t a t iv e  fa sh io n  th e  ran g e  o f  v a l i d i t y  f o r  t h i s  a ssu m p tio n . We 
d e f in e  an e x te r n a l  tim e* t  as  th e  tim e ta k en  by th e  c e n t r e  o f
mass o f  th e  d eu te ro n  t o  t r a v e l  from  an a re a  o f  th e  t a r g e t  w here th e  
e f f e c t  o f  th e  P a u l i  p r in c ip le  i s  n e g l ig ib l e  to  an  a re a  w here th e  same
e f f e c t  i s  im p o r ta n t . A re a so n a b le  tim e i s  th e r e f o r e  th e  tim e ta k en  
by th e  d eu te ro n  to  c ro s s  th e  n u c le a r  s u r f a c e . The s u r fa c e  th ic k n e s s  
o f  medium s iz e  n u lc e i  i s  o f  th e  o rd e r  o f  2 -2 .5  fm. An a p p ro p r ia te  
e x te r n a l  tim e i s  th e r e f o r e
t  . » a —  6.13
e x t  vd K0
A
where 10 i s  some average v a lu e  o f  th e  en erg y  wavenumber KQ ov er th e  
t a r g e t  s u r f a c e  th ic k n e s s .
Assum ption d a s s e r t s  t h a t  th e  e x t e r n a l  t im e 3 "t i s  lo n g  
compared to  th e  i n t e r n a l  t im e , c h a r a c te r i s in g  th e  r e l e v a n t
i n t e r n a l  m otion o f  th e  d e u te ro n . The r e le v a n t  i n t e r n a l  m otion  o f  th e  
d eu te ro n  i s  th e  i n t e r n a l  m otion o f  th e  d eu te ro n  a f f e c te d  s t r o n g ly  by 
th e  P a u li  e x c lu s io n  p r i n c i p l e . We d e f in e  th e  r a t i o  o f  t . ^  t o  a s
„ „ ^ in t  K0Xti n t  r lfle .  -----  6 .14
e x t
When c i s  sm a ll th e  d e u te ro n  i s  a b le  t o  m odify i t s  i n t e r n a l  m otion 
ac c o rd in g  to  th e  re q u ire m e n ts  o f  th e  P a u li  e x c lu s io n  p r in c i p l e  as  i t  
t r a v e l s  th rough  d i f f e r e n t  re g io n s  o f  th e  ta rg e t^  in  t h i s  ca se  assu m p tio n  
d i s  ex p ec ted  t o  be v a l i d .
E quation  5 .13  m igh t g iv e  th e  im p ressio n  t h a t  th e  a d ia b a t i c  
app ro x im atio n  u sed  h e re  i s  a  low energ y  app ro x im atio n  b ecau se  become
la rg e  as th e  in c id e n t  d eu te ro n  energy  d e c r e a s e s . T h is i s  n o t  th e  case  
however b e c a u se , as  we w i l l  s h o r t ly  s e e ,  th e  i n t e r n a l  t im e ,  c h a r a c te ­
r i s i n g  th e  r e le v a n t  i n t e r n a l  m otion o f  th e  d e u te ro n , depends s t r o n g ly  
on th e  in c id e n t  d e u te ro n  en e rg y .
As th e  d eu te ro n  c ro s s e s  i n to  th e  n u c le a r  i n t e r i o r  some o f  th e  
r e l a t i v e  momenta5 k* in  i t s  i n t e r n a l  w avefu n c tio n  a re  fo rb id d e n  by  th e  
P a u l i  e x c lu s io n  p r in c i p l e .  These r e l a t i v e  momenta a re  a s s o c ia te d  w ith  
an energy  ek
e. = k 2 6 .15k
The i n t e r n a l  t im e s ,  c h a r a c t e r i s t i c  o f  th e  r a t e  o f  change
o f  th e s e  momenta, i s  r e l a t e d  to  th e  sp re a d  o f  th e  e n e rg ie s  th ro u g h  
th e  tim e -e n e rg y  u n c e r ta in ty  r e l a t i o n
t .  . x  Ac, > 1  6 .16x n t k
Taking th e  v a lu e  f o r  Ae^ we have
t .  „ ft - -  6 .1 7a n t  *  k 2
The lo n g e r  i n t e r n a l  tim es  a re  th e r e f o r e  a s s o c ia te d  w ith  th e  
s h o r te r  ex c lu d ed  r e l a t i v e  momenta9 k s
t ?  = —  6 .1 8
l n t  k 2s
Hence th e  maximum v a lu e  o f  £ i s  o f  o rd e r
X = — —  6 .19S a x  2
s
9The s h o r te r  i n t e r n a l  t im e s , t .  . .  a re  a s s o c ia te d  w ith  th em t  *
lo n g e s t  ex c lu d ed  r e l a t i v e  momenta k 5
t ?  = J L
l n  k 2 6 . 20
The minimum v a lu e  f o r  z, i s  th e r e f o r e
a
-
m i n '  4k /
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For very  low in c id e n t  d eu te ro n  e n e rg ie s  i . e .  e n e rg ie s  o f  th e  
o rd e r  o f  th e  Coulomb b a r r i e r  energy,, th e  d eu te ro n  lo c a l  en erg y  w ave-
i n t e r i o r .  S ince th e  s h o r t e s t  ex c lu d ed  r e l a t i v e  momenta a r e  p r a c t i ­
c a l ly  ze ro  th e  a d ia b a t i c  a ssu m p tio n , d ,  i s  n o t  v a l id  a t  th e s e  e n e rg ie s .
I t  i s  i n t e r e s t i n g  to  see  w h eth er o r  n o t th e  o p p o s ite  a d ia b a t i c  
assum ptions d y  i s  a p p l ic a b le  in  t h i s  case  d 7) .  The d eu te ro n  i n t e r n a l  
m otion i s  a d ia b a t i c  in  com parison to  th e  c e n tre  o f  mass m otion .
For t h i s  to  be t r u e  £ must be la r g e .  The lo n g e r  ex c lu d ed  r e l a ­
t i v e  momenta, a re  o f  o rd e r
For very  low in c id e n t  d eu te ro n  e n e rg ie s  th e r e f o r e  no a d ia b a t i c  
assum ption  i s  v a l id  becau se  th e  P a u l i  e x c lu s io n  p r in c i p le  a f f e c t s  
s t r o n g ^ /  a  la rg e  range  o f  r e l a t i v e  momenta.
The a d ia b a t i c  assum ption  d 7 i s  a ls o  in v a l id  a t  h ig h e r  e n e r g i e s ,  
becau se  th e  minimum v a lu e  o f  £ i s  a g a in  g iv en  by 6 .2 4 . In  f a c t  d ? 
becomes more d i f f i c u l t  to  s a t i s f y  as th e  energy  in c r e a s e s .
num ber, KQ 5 i s  le s s  th a n  th e  lo c a l  Ferm i momentum kp a t  th e  n u c le a r
For th e s e  e n e rg ie s
6 . 2 2
* 0
V = T  + *f 6 .2 3
’min 6 .2 4
6 .25
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A ssum ption d how ever, w hich i s  th e  one used  in  o u r  w ork, m ight
be v a l id  a t  h ig h  e n e rg ie s .  When th e  in c id e n t  d eu te ro n  energ y  i s  h ig h  
K
enough f o r  to  be always g r e a t e r  th a n  k p , th e  s h o r te r  ex c lu d ed  
momenta a re  o f  o rd e r
Ko
ks  '  I T  -  kF 6 - 26
Hence th e  maximum v a lu e  o f  £ i s
K
c = ------- -------  6 .2 7
“aX CK0-2kF) 2
We. e x p e c t  th e  a d ia b a t i c  ap p ro x im atio n  used  h e re  to  be a p p l ic a b le
i f  th e  e x te r n a l  t im e , t  i s  a t  l e a s t  com parable to  th e  lo n g e r
i n t e r n a l  t im e , R oughly , we e x p e c t th e  a d ia b a t ic  ap p ro x im a tio n ,
d , t o  g iv e  a rough e s t im a te  o f  th e  shape and s t r e n g th  o f  th e  ty p e  o f
te n s o r  fo rc e  when £ <= 1 .5 .  When £ < 1 we e x p e c t th e  r e s u l t smax max
o f  t h i s  app ro x im atio n  to  be a c c u r a te .  F or a  g iven  Cmax9 £q g iv en  by
£ K -(*+£ k_ + 1)£  + 4£ k |  = 0 6 .2 8*max o max F 0 max F
4£ k_+l+vr 8£ k „+ l_■> ^max F ^max F e
0 ------------------2 l --------------------  6 ,2 9max
We l i s t  in  th e  fo llo w in g  ta b le  4 ,  th e  minimum v a lu e s  o f  K.o
and th e  co rre sp o n d in g  v a lu e s  f o r  th e  in c id e n t  d eu te ro n  e n e rg y , E ^ ,
f o r  a ran g e  o f  £ « We a ls o  g iv e  f o r  com narison p u rp o ses  th ec max * -
c o rre sp o n d in g  v a lu e  o f  £ . . We have ta k en  th e  v a lu e  o f  1 .3  fm*"1mm
f o r  k „ . r
Table 4
^max Kq( fm "1) Ed(MeV) C •mm
0 .3 7 .65 750 0.072
0 .6 5 .67 345 0 .083
0 .8 5 ,13 255 0.085
1 4.788 205 0.0877
1.2
!
4.546 170 0.089
1 .5 4.29 140 0.09
2 4 .02 115 0.091
A ssum ption d i s  th e r e f o r e  e x p ec ted  to  be v a l id  f o r  th e  p u rp o ses  
o f  t h i s  work f o r  in c id e n t  d eu te ro n  e n e rg ie s  g r e a t e r  th a n  = 140 MeV.
The d eu te ro n  i s  a lo o s e ly  bound p a r t i c l e  and i t  can th e r e f o r e
be b roken  up q u i te  e a s i l y .  The v a l i d i t y  o f  assum ption  e * w hich a s s e r t s
t h a t  on ly  th e  ground s t a t e  o f  th e  d eu te ro n  sho u ld  be in c lu d e d  in  th e  
c a lc u la t io n *  i s  d o u b tfu l .  A form alism * developed  by W.S. Pong* b a se d  
on th e  p e r tu rb e d  s t a t io n a r y  s t a t e  method i s  p re s e n te d  in  A ppendix 1.
In  t h i s  fo rm alism  th e  n o n - lo c a l  n a tu re  o f  th e  P a u l i  e x c lu s io n  p r in c i p l e
A
o p e ra to r*  0 , in  R 5 th e  s e p a ra t io n  o f  th e  c e n tre  o f  m asses o f  th e
d eu te ro n  and ta rg e t*  g iv e s  r i s e  to  a d d i t io n a l  te rm s , Cmnj in  th e
d eu te ro n  o p t i c a l  p o t e n t i a l .  These te rm s have th e  form
-  104 -
w here <j>m(R ,r )  r e p r e s e n ts  th e  e ig e n s ta te  o f  th e  n -p  sy s te m , and i t  
s a t i s f i e s  a S eh ro d in g er e q u a tio n
i t r  + Q(R)VnD( r ) } * m( R ,r )  = Em*m<R9r )  6 .3 1
The d ia g o n a l te rm s , Cqqs g iv e s  th e  r e a c t io n  o f  th e  d eu te ro n  
ground s t a t e  to  a change in  R. The o f f  d ia g o n a l term s g iv e  th e  
c o u p lin g  o f  th e  e x c i te d  s t a t e s  m w ith  th e  ground s t a t e .  A ssum ption 
e i s  v a l id  i f  th e  am p litu d es  o f  a l l  e x c i te d  s t a t e s  a re  sm a ll compared 
to  th e  ground s t a t e  am p litu d e . I t  i s  shown in  th e  append ix  t h a t  th e  
q u a n t i t y , 6 ,
6 = C0 0 (£>B(R) 6 .32
g iv e s  an upper e s t im a te  o f  th e  sum o f  a l l  am p litu d es  o f  th e  e x c i te d  
s t a t e s , w here B(R) i s  th e  b in d in g  energy  o f  th e  d eu te ro n  a t  R,
A ssum ption e i s  th e r e f o r e  v a l id  i f
6 «  1 6 .3 3
T aking o n ly  th e  f i r s t  term  in  6 .3 0  and r e p la c in g  th e  l a s t  
by Kg(R) we have
o
O f v ' i  =  1 -i m  — —''OO'—'  “ * ARAR-K) -  J
d r  <J>°(R9r )  [<J»(R + AR.r) -  d (R .r)  3*K„(R)
6 .3 4
and tra n s fo rm in g  in to  th e  momentum r e p r e s e n ta t io n  and l a b e l l i n g  th e  
w avefu n c tio n  a t  R by and th e  w av efu n c tio n  a t  R + AR by 2<J> g iv e s
C (R) = lim  t r t  Kn(R ) f dk V ’( k ) [ 2<?(k) -  H ( k ) ]  6 .3 5
00 ~  AR-K)
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/
At ev e ry  p o in t  R in s id e  th e  t a r g e t  b o th  th e  b in d in g  energy  o f  
th e  d eu te ro n  and th e  q u a n t i ty  C0f)(R) w i l l  depend on th e  r e l a t i v e  
o r i e n t a t i o n  o f  th e  s p in  o f  th e  d eu te ro n  and th e  c e n tre  o f  mass momentum, 
The two ex trem e v a lu e s  f o r  6 a re  th e  v a lu e  c o rre sp o n d in g  to  th e  p a ra -  
s t a t e  s 6+9 and th e  v a lu e  co rre sp o n d in g  to  th e  o r th o s ta te ,  6Q.
2 ^ ( R )
6 -  r - ■ ;■ v I  6 . 36m A RB (R) m
w here
IB = \  % '  4(J<)J = -Tlm- I2m 6.37
h m  =  /  6 . 3 8
6 - 39
We can use  f o r  th e  d eu te ro n  w av efu n c tio n  th e  n o rm a lise d  wave­
fu n c tio n  o f  c h a p te r  3 s e c t io n  C.
g (k )
V  = ^OOx,® = ne N -------- X,® 6 .4 0
~  1 A2+k2 1
■ A A
The P a u l i  o p e ra to r s  a t  R, A0 ,  and a t  (R + AR), Z0 S a re  d i f f e r e n t
in  g e n e ra l ;  th e y  depend on th e  lo c a l  momentum9 KQ(R) and a t  th e  l o c a l
Fermi momentum k - fR ) .  With t h i s  ch o ice  f o r  & (k'ifi.SO become?; t  w  ... .  . Tm'“ '
h * 8 /  *  = 1 6 - , t i
The w avefunction  can a l s o  be expanded in  s e r i e s  o f  s p h e r i c a l
h a rm o n ics , as in  c h a p te r  3 , s e c t io n  4.
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*B< y  = i  -- i  5 - H2
£,A
where y = m ~ A 6 .4 3
a j x"  = H
H+2 
L = |£ -2 |
6A0C£Us (k )  + 1I  , ( - ) rn" X+1uD(k)C L/  120(2 £ + l) ( 2L+1 ) x
h  2 
0 0
£ 2 L
-A A
f l  2 1
0 (~m A (m*v|)
6 .4 4
We have chosen th e  z -a x is  a lo n g  K
A A m. ^
dk ©YL°(k) 6 .45
u (k )  = ---------------- — 1—
( ^ t k 2) ^ 2^ 2 )
6 .46
- k z+un(k ) = ---------------------  _
/ 8( A2+k2) ( y 2+k2) "
6 .4 7
‘ can be s im p l i f ie d  f u r th e r .  We d e f in e  th e  p u re  number M.AmL£
MU  = ^  1 2 0 (2U 1)(2L + 1)
£ 2
\
L ' £ 2 L
f
0 0 -A 0 0 V.
1 2 1
6 .4 8
and th e  fu n c tio n  o f  k
f£<k) = u_(k ) 6 .49
FL(k ) = CL V k) 6 .5 0
Then
, ’Arn £+2
6 .5 1
The i n t e g r a l  I .  becomes w ith  th e s e  d e f in i t i o n s  lm
I ,  = f dk H i d O  2d (k )lm j — m — Ym
5
6 .5 3
J> \A »
I lm k 2dk D^m 6 .54
where
6 .55
The in t e g r a l s  was e v a lu a te d  n u m e ric a lly  u s in g  S im pson’s 
r u le  f o r  n u m e ric a l i n t e g r a t i o n .  The r e s u l t s  a re  shown on F ig . 22 and 
23. The r a t i o  <5+ i s  alw ays much s m a l le r  th a n  6^. T h is i s  to  be 
e x p e c te d , b ecau se  th e  b in d in g  energy  o f  th e  p a r a - s t a t e  i s  alw ays 
la r g e r  th a n  th e  b in d in g  energy  o f  th e  o r t h o - s t a t e .  The o r th o - s t a t e  
i s  th e r e f o r e  ex p ec ted  to  le a d  t o  b reak  up much more e a s i l y  th a n  th e  
p a r a - s t a t e  s in c e  th e  fo rm er i s  alw ays much n e a re r  to  th e  b reak -u p  
s t a t e s  o f  th e  d e u te ro n 9 energy  w is e ,  th a n  th e  l a t t e r .  A re a s o n a b le  
l i m i t  f o r  th e  v a l i d i t y  o f  assum ption  e i s  s e t  by r e q u i r in g  t h a t  6^(R) 
i s  always l e s s  th a n  1 . A dopting t h i s  c r i t e r i o n  we can c o n s id e r  
assum ption  e v a l id  f o r  in c id e n t  d e u te ro n  e n e r g ie s ,  E^, g r e a t e r  th a n
The d is c u s s io n  p re s e n te d  in  t h i s  s e c t io n  s u g g e s ts  t h a t  th e  m odel 
used h e re  f o r  th e  p ro p a g a tio n  o f  a d eu te ro n  th ro u g h  a f i n i t e  n u c le u s  
i s  v a l id  f o r  h ig h  in c id e n t  d eu te ro n  e n e r g ie s ,  > 150 MeV, I f  we
low er e n e r g ie s ,  in  th e  re g io n  o f  100 MeV. For < 100 MeV we can
150 MeV.
ta k e  an o p t im is t i c  view we can hope t h a t  th e  model i s  u s e f u l  f o r  even
however n o t t r u s t  th e  model a t  a l l .  T his i s  u n fo r tu n a te  b ecau se  
d e u te ro n -n u c le u s  e l a s t i c  s c a t t e r i n g  ex p erim en ts  w ith  p o la r iz e d  d e u te ro n s  
a re  perfo rm ed  a t  much low er in c id e n t  d e u te ro n  e n e rg ie s .  Our r e s u l t s  
can n o t th e r e f o r e  be compared w ith  e x p e rim e n t, a t  t h i s  s ta g e .
The d eu te ro n  and p ro to n  o p t i c a l  p o t e n t i a l s  we use in  t h i s  model 
a re  a c c u ra te  f o r  in c id e n t  d eu te ro n  e n e rg ie s  n o t  g r e a t e r  th a n  100 MeV. 
However t h i s  i s  a s u p e r f i c i a l  problem  b ecau se  in a c c u ra c ie s  i n t r o ­
duced by th e  use o f  th e s e  o p t i c a l  p o t e n t i a l s  a t  h ig h e r  e n e rg ie s  a re  
n o t  e x p e c te d  to  be la r g e .  Any c o n c lu s io n s  we m ight draw ab o u t th e  
s t r e n g th  and range  o f  th e  T^ ty p e  o f  t e n s o r  fo rc e  sh o u ld  n o t  be 
a f f e c t e d  fu n d am en ta lly  by th e  e r r o r s  in  th e  o p t i c a l  p o t e n t i a l s .
6 .C The b in d in g  energy  o f  th e  d e u te ro n in  a  f i n i t e  n u c le u s
The r e s u l t s  o f  th e  c a lc u la t io n  a re  p re s e n te d  in  f ig u r e s  24 to
29. F ig s . 24 to  26 d e p ic t  th e  v a r i a t io n  o f  th e  b in d in g  en erg y  o f  th e
BEd e u te ro n , as a r a t i o  to  th e  f r e e  space  b in d in g  e n e rg y , *5=- , and
f s
as a  fu n c tio n  o f  R, f o r  D -s ta te  p r o b a b i l i t i e s ,  , 2%, 4%, 6% and 8%; 
and in c id e n t  d eu te ro n  e n e r g ie s ,  E ^ , 50 MeV, 150 MeV and 250 MeV.
F ig u re s  27 to  29 d e p ic t  th e  b in d in g  energ y  d i f f e r e n c e ,  BE+ -  BE^, 
as  a fu n c tio n  o f  R, fo r  th e  same v a lu e s  o f  and E^. The t a r g e t  
n u c le u s  i s  92Z r. These r e s u l t s  a re  t y p i c a l  f o r  a l l  t a r g e t s ;  s im i l a r  
graphs w ere o b ta in e d  f o r  o th e r  n u c le i  e x h ib i t in g  th e  same f e a tu r e s  as 
th e  ones p re s e n te d  h e re .
For in c id e n t  d eu te ro n  e n e rg ie s  o f  th e  o rd e r  o f  50 MeV th e  
b in d in g  energy  o f  th e  o r th o - s t a t e  re d u c e s  r a p id ly  to  z e ro ,  j u s t  in s id e  
th e  n u c le a r  s u r f a c e .  The b in d in g  energy  o f  th e  p a r a - s t a t e  i s  a l s o  
red u ced  as  th e  d eu te ro n  p e n e t r a te s  th e  n u c le a r  s u r fa c e  b u t  rem ains 
f i n i t e  and c o n s ta n t  a t  th e  n u c le a r  i n t e r i o r .  The b in d in g  en erg y
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d i f f e r e n c e ,  Ae, i s  c a lc u la te d  when b o th  th e  p a r a - s t a t e  and o r th o - s t a t e  
c o n f ig u ra tio n s  form  a bound s t a t e .  At th e se  e n e rg ie s  Ae e x h ib i t s  a 
maximum a t  th e  n u c le a r  s u r f a c e ,  j u s t  b e fo re  BEQ i s  red u ced  to  z e ro .
Ae goes to  ze ro  v e ry  f a s t  a s  th e  d eu te ro n  i s  moving outw ards from th e  
n u c le a r  s u r f a c e .
At h ig h e r  in c id e n t  d eu te ro n  e n e r g ie s ,  > 150 MeV, f i g .  28 and 29 
b o th  th e  p a r a - s t a t e  and o r th o - s t a t e  c o n f ig u ra t io n s  a re  bound th ro u g h ­
o u t th e  t a r g e t  n u c le u s . T h e ir  b in d in g  e n e rg ie s  a re  red u ce d  to  c o n s ta n t  
v a lu e s  in  th e  n u c le a r  i n t e r i o r  as th e  d eu te ro n  c ro s se s  th e  n u c le a r  
s u r f a c e ;  th e  r e d u c t io n  f o r  BEQ i s  much b ig g e r  th an  th e  c o rre sp o n d in g
re d u c t io n  f o r  B E ,. Ae i s  a lm ost c o n s ta n t  a t  th e  n u c le a r  i n t e r i o r  i
and f a l l s  r a p id ly  to  ze ro  j u s t  o u ts id e  th e  n u c le a r  s u r f a c e .  The shape 
o f  AE(R) i s  very  s im i la r  to  th e  shape o f  th e  d e n s i ty  f o r  th e  t a r g e t  
n u c le u s .
The maximum v a lu e  o f  th e  b in d in g  energy  d if f e r e n c e  as a fu n c tio n  
o f  energy  in c r e a s e s  as th e  energy  in c re a s e s  up to  ab o u t 180 MeV and 
d e c re a se s  f o r  h ig h e r  e n e r g ie s .  The m agnitude o f  Ae, and hence th e  
s t r e n g th  o f  th e  T^ p o t e n t i a l ,  in c re a s e s  s i g n i f i c a n t l y  as th e  D - s ta te  
p r o b a b i l i t y  in c r e a s e s .  The shape o f  th e s e  cu rves however changes 
very  l i t t l e  w ith  v a r ia t io n s  o f  th e  D - s ta te .
The shape o f  Bg+ , BEQ and Ae fo llo w s  d i r e c t l y  from  th e  model 
we use h e re  f o r  th e  p ro p a g a tio n  o f  a  d eu te ro n  th ro u g h  a f i n i t e  n u c le u s  
and th e  n u c le a r  m a tte r  c a lc u la t io n  o f  c h a p te r  3. The p h y s ic a l  re a so n s  
f o r  th e s e  shapes can be u n d ers to o d  from  th e  p i c tu r e  f o r  th e  P a u l i  
mechanism p re s e n te d  in  c h a p te r  4.
6.D. An A l te rn a t iv e  D e r iv a tio n  o f  th e  T T ensor
P_____
F orce in  D eu te ron-Nuc le u s  S c a t te r in g
Soon a f t e r  we p u b lis h e d  th e  r e s u l t s  31s32 o f  th e  l a s t  few s e c t io n s  
o f  t h i s  c h a p te r 9 A u stem  29 p roposed  an a l t e r n a t i v e  d e r iv a t io n  f o r  th e  
s p in  dependen t e f f e c t s  d is c u s s e d  e a r l i e r  on. H is d e r iv a t io n  i s  b ased  
on th e  o r th o g o n a l is e d  d e u te ro n -n u c le u s  s c a t t e r i n g  a n a ly s i s  o f  Pong and 
A u stem  1 8 919. A u s te m ’s approach  u ses  th e  a d ia b a t ic  assum ption  d ? 
d is c u s se d  in  s e c t io n  B o f  t h i s  c h a p te r .  We have seen  t h a t  t h i s  
assum ption  i s  wrong f o r  a l l  energy  ran g es  o f  th e  in c id e n t  d e u te ro n . 
However i t  i s  l o g i c a l l y  p o s s ib le  t h a t  assum ption  d 7 i s  l e s s  bad  th a n  
th e  a d ia b a t i c  assum ption  d 9 w hich we use f o r  o u r b in d in g  energy  
app ro ach , a t  low er e n e rg ie s .  We r e s t a t e  th e s e  two assum ptions f o r  
th e  convenience o f  th e  r e a d e r .
d) The c e n tre  o f  mass m otion o f  th e  d eu te ro n  i s  a d ia b a t i c  in  com parison  
t o  i t s  r e le v a n t  i n t e r n a l  m otion .
d*) The r e le v a n t  i n t e r n a l  m otion o f  th e  d eu te ro n  i s  a d i a b a t i c  in  
com parison to  i t s  c e n tre  o f  mass m otion .
The r e le v a n t  i n t e r n a l  m otion o f  th e  d eu te ro n  i s  th e  i n t e r n a l  
m otion o f  th e  d eu te ro n  a f f e c te d  by th e  P a u l i  e x c lu s io n  p r i n c i p l e .
The c o r r e c t io n  te rm  t o  th e  o p t i c a l  p o t e n t i a l  r e s u l t i n g  from 
A u s te rn 1s ap p ro a c h , i s  o f  th e  form 1 8 *19
where 6 , i s  th e  d eu te ro n  i n t e r n a l  w a v e -fu n c tio n  9 V th e  n e u tro n  Td 9 np
A
p ro to n  i n t e r a c t io n  and th e  p r o je c t io n  o p e r a to r ,  P , p r o je c t s  in t o  
th e  occup ied  s t a t e s  o f  th e  t a r g e t .
-  I l l  -
A A
P + 0 = 1 6 .57
The a d ia b a t ic  assum ption  d } was a ls o  used  by Johnson 53 in  
c o n ju n c tio n  w ith  a  v a r i a t i o n a l  ap p roach . We o u t l in e  t h i s  approach  
now.
A f te r  s e p a ra t io n  o f  p lane-w ave c e n tre  o f  mass m otion in  n u c le a r  
m a tte r  ( o r  in  th e  model we use in  t h i s  c h a p te r  f o r  th e  p ro p a g a tio n  
o f  a  d eu te ro n  th ro u g h  a  f i n i t e  n u c le u s  w ith  assum ption  d re p la c e d  by 
assum ption  d ?) th e  e q u a tio n  f o r  th e  r e l a t i v e  m otion i s
[T + 0 V ] |<j» = e |$ >  6 .5 8
w here T i s  th e  r e l a t i v e  k i n e t i c  energy  o p e ra to r .
A A % A
From 6 .57  we g e t ,  u s in g  th e  f a c t  t h a t  P and 0 commute w ith  T,
T(P | $>) = e (P | <{>> 6 .59
A
i f  T has no bound s t a t e
P j <f>> = 0 o r  0 | 4>> = |<f>> 6 .6 0
In  t h i s  case  6 .57  becomes
[T + 0 V e ] |* >  = e|<J>> 6 .6 1
In  o rd e r  to  g e t  an e x p re s s io n  f o r  th e  e n e rg y , £ ,  we can u se  a 
v a r i a t i o n a l  app roach . The average v a lu e  o f  th e  e n e rg y , E f y j ,  oir a 
quantum system  in  a  s t a t e  d e s c r ib e d  by th e  s t a t e  v e c to r  |$ > i s  g iv en  
by 5-
-1 1 2  -
where H i s  th e  H am ilto n ian  o f  th e  sy stem . I f  th e  s t a t e  v e c to r  |<f>> i s  
n o t  known we can s t i l l  use e q u a tio n  6 .62  to  o b ta in  an e s t im a te  f o r  
th e  en e rg y . In  t h a t  case  we re p la c e  j$> by a  t r i a l  w av efu n c tio n  |i|/> 
in  6 .6 2 . In  a  v a r i a t i o n a l  approach  we seek  f o r  a t r i a l  w av efu n c tio n  
|tf>> by v a ry in g  th e  p a ra m e te rs  c o n ta in e d  in  |i[/> u n t i l  e x p re s s io n  6 .6 2  
i s  s t a t io n a r y .  For t h i s  approach  t o  be  u s e f u l  we need a  s im p le  t r i a l  
w av efu n c tio n  in  o rd e r  to  g e t  a  s im p le  e x p re s s io n  f o r  6 .6 2 . In  th e  
problem  in  hand we can n o t  o b ta in  s im p le  e x p re s s io n s  f o r  6 .62  f o r  th e  
H am ilton ian  in  6 .5 8 . We t h e r e f o r e 9 in s te a d  o f  v a ry in g  th e  p a ra m e te rs  
in  th e  t r i a l  w a v e fu n c tio n , |if» , x^ e seek  a t r i a l  w av efu n c tio n  as  c lo s e  
to  th e  e x a c t w av efu n c tio n  as p o s s ib le .  When th e  d e u te ro n  p ro p a g a te s  
th ro u g h  f r e e  space  th e  e x a c t  w av efu n c tio n  i s  known; i t  i s  g iv e n  by 
e q u a tio n  6 . MO w ith  0 = 1 . We ta k e  th e  p a r t  o f  t h i s  w av efu n c tio n  t h a t  
l i e s  in  th e  a llow ed  space  and n o rm a lise d  to  one as our f i n a l  w av efu n c tio n
|if>> =  --------------r  6 .6 3
Tm' 1 m
w here m r e f e r s  to  th e  p r o je c t io n  o f  th e  d eu te ro n  sp in  a lo n g  th e  z - a x i s ,
A A *
chosen such t h a t  z = KQ . The w a v e fu n c tio n , |<J>>9 s a t i s f i e s  th e  f r e e -
space S ch ro d in g er e q u a tio n
[T + V 3 U  > = e n U  > 6 .6 4np ,Ym O' m
Wf> c a n  t h p n  i i r p  p h n a t i n n  R.R9 w i t h  I n o n  1 n r - o r !  h v  I ih> t n
give us an estim ate fo r  the energy e .
< 4 j e [ M v n p ] e l y
<4>m10<T+V >-0V + 0V ^0 U >Jsl 22------22— 2EJ .I2L + 0(6<>)2
<<j>Jev 0-ev U >, np n p 1 Ym , ne -  e n + ------------   B-------- + 0(o<f>) 6 .65
0 <<i)mI<l)m>"'<(J>m|PUm>T ‘ T  * 1 m
e = e 0 -  Vj + 0 ( 6( )^ 2
T his method w i l l  be a c c u ra te  i f  th e  n e g le c te d  term  o f  o rd e r  
( 6<f>)2 = ( |<J>> -  | ^ > ) 2 i s  sm a ll .  The energy  s h i f t  v i s  th e  c o r r e c t io n  
to  th e  o p t i c a l  p o t e n t i a l .  R ea rra n g in g  t h i s  c o r r e c t io n  te rm  and 
com paring w ith  A u s te rn 's  c o r r e c t io n  te rm  6 .5 6  and assum ing a  norm a­
l i z e d  w avefu n c tio n  |<}> > we g e t
<<f> |0V -0V Old) >tT _ m1 np np 1 r m
J  = l-< d  |P Id  > Ym' 1 Tm
Hence
<6 | ( 1-P  )■V -  ( 1- #  ) V ( l - £  ) 14 >m1_______np_______ np______1 m
l-«f> Ip U  > r m' ' m
«j> Ipv U  >~«j> Ipv p U  >Ym‘ n p | r m Ym' np |Ym
1-<A Ip U  >Ym' 1Ym
V -Vv  a  v r>
6 . 6 6
-  ±J.*f -
The v a r i a t i o n a l  approach  a g re e s  w ith  A u s te rn ’s approach  when 
th e  c o r r e c t io n  te rm  and th e  n o rm a liz a tio n  c o r r e c t io n  te rm  Nj a re  
n e g l ig ib ly  sm a ll.
vn = «j> Ipv pU > 6.68C Ym‘ np 1'm
Nt = < ^ |P U  > 6 .69J m* 1 m
U sing th e  Yamaguchi p o t e n t i a l  f o r  V we have
Vnp = -  I  | g x g |  , *  = M = 1 6 . 7 0
I v  = ~t 4  6 .7 1
A +k
The o v e r a l l  s t r e n g th  o f  th e  in t e r a c t io n ,A ,  i s  g iven  by
£  I x ^  = < g | *  > 6 . 7 2
Hence
VA = -  -- < ^ l ? l g X g U ra>
Ix m>
x «f>m | p | g >N - X -
= -  N ^ X ^ H e ! | g > l x 1m> 6 .73
A +k'
V .  = -  A«*> Ip I e > < e Ip U  >c m1 w< • -m
= ~ AN2<X m|< g | ^g><gl 6,71+
A +k A +k 1
S im ila r ly
N = N2 < X l m | < g |  - r ^ - r | g > l x 1m> 
A +k
6.75
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The p o te n t i a l s  Vj and and th e  c o r r e c t io n  term s and Nj 
depend on th e  r e l a t i v e  o r i e n t a t i o n  o f  th e  t o t a l  s p in  o f  th e  d eu te ro n  
and th e  d i r e c t io n  o f  th e  c e n tre  o f  mass m otion o f  th e  d e u te ro n . The 
s t r e n g th  o f  th e  Tp ty p e  o f  te n s o r  fo rc e  9 Vp, r e s u l t i n g  from  each  o f  
th e s e  approaches i s  a s  fo llo w s :
V a r ia t io n a l  a p p ro a c h :
Vu = ~  P 6 [Vj3 m=0 m=l
6 .76
A u s te m ’s approach
VA = ±  P 6 ^  n '  [VA3 1 m=0 ' m=l
6 .7 7
The form o f  th e  c o r r e c t io n  te rm s , V^ , and N j s u g g e s ts  t h a t  Vp 
and V^ sh o u ld  ag ree  when th e  ex c lu d ed  space  i s  s m a l l ,  t h a t  i s  when
6 .7 8
In  th e  o p p o s ite  l i m i t  however
p U> % u > 6 .7 9
th e  two methods sh o u ld  d i f f e r  c o n s id e ra b ly . We ex p ec t Vp to  be more 
a c c u ra te  th a n  Vp b ecau se  th e  P a u li  e x c lu s io n  p r in c i p le  i s  t r e a t e d  
more c a r e f u l ly .  To see  t h i s  more c l e a r ly  we t r y  th e  f r e e  sp ace  wave­
fu n c tio n  |<|> > as o u r t r i a l  w av efu n c tio n  in  6 .6 2 . Then we g e t  th e
following estimate for e
The energy  s h i f t  in  t h i s  case  i s  i d e n t i c a l  to  th e  en erg y  s h i f t
d e r iv e d  by A u s te re ’s app roach . E q u a tio n  6 .62  i s  e x p ec ted  to  g iv e  an
a c c u ra te  e s t im a te  f o r  th e  energy  s h i f t  i f  th e  t r i a l  w av efu n c tio n  
re sem b les  th e  e x a c t w av e fu n c tio n . The w av efu n c tio n  in  6 .6 3  m ust b e a r  
a c lo s e r  resem blance  to  th e  e x a c t w av efu n c tio n  th an  th e  f r e e  sp ace  
w av efu n c tio n  b ecau se  th e  P a u l i  e x c lu s io n  p r in c ip le  i s  s a t i s f i e d  f o r  
th e  fo rm er and i t  i s  n o t  s a t i s f i e d  f o r  th e  l a t t e r .  We th e r e f o r e  
e x p e c t Vp to  be a  b e t t e r  e s t im a te  o f  th e  s t r e n g th  o f  th e  Tp te n s o r  
fo rc e  th a n  V'J.
The th r e e  e s t im a te s  f o r  th e  s t r e n g th  o f  th e  Tp te n s o r  f o r c e ,
Vp, VjJ and V^, d e r iv e d  from o u r b in d in g  en erg y  ap p ro ac h , a r e  p l o t t e d  
in  f ig u r e s  30 to  33, as  a fu n c tio n  o f  R f o r  in c id e n t  d e u te ro n  e n e rg ie s  
50 MeV, 150 MeV and 250 MeV. The t a r g e t  n u c leu s  i s  92Z r and th e  
D -s ta te  o f  th e  d eu te ro n  i s  M-%.
A . ,7Vp i s  alw ays g r e a t e r  th a n  V~ w hich in  tu rn  i s  alw ays g r e a t e r
th a n  V^. The shape o f  th e s e  cu rv es  a t  h ig h  in c id e n t  d e u te ro n  e n e rg ie s
i s  o f  a  Wood-Saxon ty p e  w hich ro u g h ly  fo llo w s  th e  d e n s ity  d i s t r i b u -
t i o n  o f  th e  t a r g e t  n u c le u s . At low er e n e r g ie s ,  E ■< 10 MeV f o r  V^,
G Jr
E^ < 20 MeV f o r  Vp and E^ < 130 MeV f o r  V  ^ th e  co rre sp o n d in g  cu rv es  
show an a d d i t io n a l  sm a ll s u r fa c e  peak . In  b o th  th e  ex trem e s u r f a c e
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re g io n  (R > 6 fm) and f o r  in c id e n t  d eu te ro n  e n e rg ie s  g r e a t e r  th a n  
250 MeV a l l  th r e e  e s t im a te s  f o r  Vp a re  very  s im i la r  in  b o th  m agnitude 
and sh ap e .
AThe maximum v a lu e  f o r  Vp o ccu rs  f o r  in c id e n t  d e u te ro n  energy  
around  10 MeV5 f o r  Vp around E^ = 55 MeV and f o r  V^ around  E^ = 150 MeV.
As we m entioned e a r l i e r ,  d eu te ro n  n u c le u s  e l a s t i c  s c a t t e r i n g  
ex p erim en ts  w ith  p o la r iz e d  d e u te ro n s  * where th e  e f f e c t  o f  th e  t e n s o r  
te rm  we p ro p o se  h e re  m ight show u p 9 a re  perfo rm ed  so  f a r  f o r  low 
in c id e n t  d eu te ro n  e n e r g ie s ,  E , < 30 MeV. In  th e  absence  o f  any o th e rCt
t h e o r e t i c a l  e s t im a te  f o r  th e  shape and s t r e n g th  o f  th e  Tp ty p e  o f  
te n s o r  f o r c e ,  we su g g e s t h e re  some p la u s ib le  l i m i t s  f o r  th e  s t r e n g th  
and shape o f  t h i s  f o r c e .  These comments a r i s e  from th e  r e s u l t s  o f  
t h i s  s e c t io n .  We s t r e s s  a g a in  t h a t  b ecau se  n e i th e r  Vp n o r  V^ a re
g
e x p e c te d  to  be a c c u ra te  e s t im a te s ,  n o r  i s  Vp ex p ec ted  to  be a  good 
e s t im a te  a t  low e n e r g ie s ,  th e  fo llo w in g  comments a re  n o th in g  more 
th a n  p la u s ib le  g u e sse s .
The s t r e n g th  o f  th e  Tp ty p e  o f  te n s o r  f o r c e ,  a t  low in c id e n t  
d eu te ro n  e n e r g ie s ,  E^ < 30 MeV sh o u ld  l i e  w ith in  th e  l i m i t s  0 .1  to  
0 ,7  MeV. The shape o f  t h i s  te n s o r  p o t e n t i a l  sh o u ld  p red o m in an tly  b e  
o f  a Wood-Saxon ty p e  w ith  p o s s ib ly  an a d d i t io n a l  s u r fa c e  p eak .
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F ig u re  22 . The q u a n t i ty  6 , w hich i s  a m easure o f th e  a m p litu d e  
o f  th e  e x c i te d  s t a t e s  o f  th e  d e u te ro n  g e n e ra te d  from  
th e  g round  s t a t e ,  a s  a  f u n c t io n  o f  R f o r  th e  o r t h o - s t a t e .
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F ig u re  2 3 . The q u a n t i ty  5 , w hich i s  a m easure  o f  th e  a m p litu d e  ■ 
o f  th e  e x c i te d  s t a t e s  o f  th e  d e u te ro n  g e n e ra te d  from  
th e  ground s t a t e ,  as a f u n c t io n  o f  R f o r  th e  p a r a - s t a t e .
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F ig u re  2 4 . The r a t i o s  o f  th e  b in d in g  en e rg y  o f  th e  d e u te ro n
in  a  f i n i t e  n u c le u s  to  th e  f r e e - s p a c e  b in d in g  e n e rg y , 
f o r  th e  o r th o - s t a t e  and p a r a - s t a t e ,  f o r  v a r io u s  D - s ta te  
p r o b a b i l i t i e s -  a t  = 50 MeV.
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F ig u re  2 5 . The r a t i o s  o f th e  b in d in g  energ y  o f  th e  d e u te ro n  
in  a f i n i t e  n u c le u s  to  th e  f r e e - s p a c e ' b in d in g  
e n e rg y , f o r  th e  o r th o - s t a t e  and p a r a - s t a t e ,  f o r  
v a r io u s  D - s ta te  p r o b a b i l i t i e s  a t  = 150 MeV.
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F ig u re  26 . The r a t i o s  o f  th e  b in d in g  energ y  o f  th e  d e u te ro n  
in  a  f i n i t e  n u c le u s  to  th e  f re e - s p a c e  b in d in g  
e n e rg y , f o r  th e  o r t h o - s t a t e  and p a r a - s t a t e ,  f o r  
v a r io u s  D - s ta te  p r o b a b i l i t i e s  a t  = 250 MeV.
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F ig u re  27. B ind ing  en erg y  d i f f e r e n c e  betw een p a r a - s t a t e  and 
o r t h o - s t a t e  c o n f ig u r a t io n  in  a f i n i t e  n u c le u s  f o r  
Eh = 50 MeV.
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Figure 29. Binding energy d ifferen ce  between para^state
r and ortlxo’-'S-tate con figu ration  in  a f in i t e
nucleus fo r  = 250 MeV.
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Figure 30. The strength  of the ten sor  in ter a c tio n  of the T
r P
type in  the deuteron o p t ic a l  p o te n tia l as a
fu nction  of the deuteron nucleus sep a ra tio n , as
predicted  by Johnson,a d ia b a tic  approach, A ustem
approach and our binding energy approach, for
E , = 10 MeV. a
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F ig u re  3 1 . The s t r e n g th  o f  th e  te n s o r  i n t e r a c t i o n  o f  th e  
type  in  th e  d e u te ro n  o p t i c a l  p o t e n t i a l  a s  a  
fu n c t io n  o f th e  d e u te ro n  n u c le u s  s e p a r a t io n ,  as 
p r e d ic te d  by Johnson a d i a b a t i c  a p p ro a c h , A u s te m  
app ro ach  and our b in d in g  e n e rg y  a p p ro a c h , f o r  
Ed = 50 MeV.
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Figure 32. The stren gth  o f  the tensor in tera c tio n  of the Tp type in  
the deuteron o p tic a l p o ten tia l as a fu nction  o f  the  
deuteron nucleus sep aration , as p red icted  by Johnson 
a d ia b a tic  approach, A ustem  approach and our b in d in g  
energy approach, for = 150 MeV.
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F ig u re  33 . The s t r e n g th ' o f  th e  te n s o r  i n t e r a c t io n  o f th e  ty p e  
in  th e  d e u te ro n  o p t i c a l  p o t e n t i a l  as  a  f u n c t io n  o f  th e
deuteron nucleus sep ara tion , as predicted  by Johnson
/
a d ia b a t i c  a p p ro a c h , A u ste rn  approach  and o u r b in d in g  
en e rg y  a p p ro a c h , f o r  = 250 MeV.
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CHAPTER 7
THE TENSOR ANALYZI NG POWERS FOR PEUTERON-NUCLEUS ELASTIC SCATTERING •
IN PLANE WAVE BORN APPROXIMATION (P .W .B .A .).
We have seen  in  e a r l i e r  c h a p te rs  t h a t ,  when a d e u te ro n  i s  p ro p a ­
g a t in g  th ro u g h  a n u c le a r  medium, th e  r e s t r i c t i o n s  im posed by th e  
P a u li  e x c lu s io n  p r in c i p le  on th e  i n t e r n a l  m otion o f  th e  d e u te ro n  
g iv e  r i s e  to  a  te n s o r  p o t e n t i a l  o f  th e  Tp ty p e  in  th e  d e u te ro n  o p t i c a l  
p o t e n t i a l .  The r e a l i s t i c  ca se  o f  th e  p ro p a g a tio n  o f  a d e u te ro n  th ro u g h  
a  f i n i t e  n u c leu s  was exam ined in  th e  p re v io u s  c h a p te r .  The s t r e n g th  
and shape o f  th e  Tp p o t e n t i a l  in  t h i s  case  can be c a lc u la te d  a c c u r a te ly  
by ou r b in d in g  energy  approach  f o r  h ig h  in c id e n t  d eu te ro n  e n e r g ie s .  
There a re  however no e x p e rim e n ta l d a ta  a v a i la b le  a t  th e s e  e n e r g ie s .
The u s e fu ln e s s  o f  th e  c a lc u la t io n s  o f  t h i s  c h a p te r  i s  th e r e f o r e  l im i te d  
t o  a com parison o f  p o la r i z a t io n  q u a n t i t i e s  p roduced  when b o th  Tp and 
Tp ty p e  o f  te n s o r  p o t e n t i a l s  a re  p r e s e n t  in  th e  d eu te ro n  n u c le u s  
o p t i c a l  p o t e n t i a l  w ith  th e  c o rre sp o n d in g  q u a n t i t i e s  when Tp i s  n o t  
p r e s e n t .  The p o la r i z a t io n  q u a n t i t i e s  o f  i n t e r e s t  to  us h e re  a re  
th e  te n s o r  a n a ly z in g  powers fo r  d e u te ro n  n u c le u s  e l a s t i c  s c a t t e r i n g .  
These q u a n t i t i e s  w ere c a lc u la te d  in  th e  P.W.B.A. We chose P.W .B.A. 
b ecause  t h i s  app ro x im atio n  i s  v a l id  f o r  h ig h  in c id e n t  e n e rg ie s  and 
i t  le a d s  to  s im p le  e x p re s s io n s  f o r  th e  p o la r i z a t io n  q u a n t i t i e s  o f  
i n t e r e s t  to  us h e re .
7 ,A * The Born A pproxim ation
We c o n s id e r  th e  e l a s t i c  s c a t t e r in g  o f  a  d eu te ro n  from  a  s p in le s s  
t a r g e t .  For p r e s e n t  p u rp o ses  th e  d eu te ro n  n u c le u s  o p t i c a l  p o t e n t i a l  
c o n ta in s  a c e n t r a l  te rm  V0(R ) , and te n s o r  te rm s o f  th e  Tp and  Tp ty p e s .
We have n e g le c te d  th e  s p in - o r b i t  i n t e r a c t io n  b ecau se  t h i s  in t e r a c t io n  
i s  o f  ran k  one and i t  i s  n o t  th e r e f o r e  e x p ec ted  to  a l t e r  s i g n i f i c a n t l y  
th e  com parison o f  p o la r i z a t io n  q u a n t i t i e s  ( o f  ran k  2) when b o th  Tp 
and TR te n s o r  te rm s a re  p r e s e n t  w ith  th e  co rre sp o n d in g  q u a n t i t i e s  
when o n ly  th e  TR te rm  i s  p r e s e n t .
We den o te  th e  t o t a l  p o t e n t i a l  by V
V = V (R) + ^ „ ( R ) S  (S ,R ) + J [ PV (R)S ( S 3f )  + S ( S ,£ ) PV (R )]
0 2 12 2 12 12 2
where 7 .1
S 12(S,M) = A I  ( - ) qT2q (S)Y2. q (M) 7 .2
and
A = '  32lT
Some o f  th e  q u a n t i t i e s  in  t h i s  c h a p te r  a re  d e f in e d  d i f f e r e n t l y  
th an  in  p re v io u s  c h a p te r s .  In  t h i s  c h a p te r  we fo llo w  th e  n o ta t io n  
p r e s c r ib e d  in  th e  Madison C onvention  55 . P o la r i z a t io n  q u a n t i t i e s  a re  
d e f in e d  as fo llo w s  55 .
The i r r e d u c ib le  te n s o r  o p e r a to r s , 56 * c o n s tru c te d  o u t o f  th e
sp in  1 o p e ra to rs  a re  n o rm a liz e d 's o  t h a t
Tr>( Ti Ti i j ) -  3$,, ?5 . 7 .3* lkq k 1 q 1 kk ' qq f
The te n s o r  a n a ly z in g  p o w ers3 o r  e f f ic ie n c y  te n s o r s  d e s c r ib in g  
th e  e f f e c t  o f  i n i t i a l  p o la r i z a t io n  o f  a beam o r  t a r g e t  on th e  
d i f f e r e n t i a l  c r o s s - s e c t io n  a re  d en o ted  by TR<^  and th e y  a re  r e f e r r e d  
to  a r i g h t  handed c o -o rd in a te  system  w hich th e  p o s i t i v e  z ~ ax is  i s  
a lo n g  th e  beam d i r e c t io n  o f  th e  in c id e n t  p a r t i c l e s , k 3 and th e  y - a x is  
i s  a long  Ic x k* f o r  th e  r e a c t io n  in  q u e s tio n  3 w here i s  th e  d i r e c t io n  
o f  th e  o u tg o in g  beam 3 f i g .  34.
The s c a t t e r in g  a m p litu d e , f  t ( 0 5<r>)3 r e l a t i n g  th e  i n i t i a l
msms
beam o f  p o la r iz e d  d e u te ro n s , w ith  s p in  p r o je c t io n  m 9 t o  th e  o u tg o in g
S '
d eu te ro n  beam., w ith  s p in  p r o je c t io n  mT , i s  g iven  bys
nr mS S *+Tffl —S S
In  Born app ro x im atio n  th e  s c a t t e r i n g  ket|if>5+  ^ > becomesk m —s s
= I W  7 - 5S s
Hence th e  s c a t t e r i n g  am p litu d e  in  Born ap p rox im ation
B o m
f  ( 0 ,<f>) = -  — — <k{ :m? IVIk m > 7 .6
m' sms  Him2 -  s s  ^  s
Hence
B ° r n  Om
f  t ( 0 s(f>). = -  ~ = ~  [6 , °F + A F t ] 7 .7m’m sv , - 2  1 mvm m?m ‘s s %rfi s s s  s
inhere
w ith
°FA1.m = <r SmllV R)|l<S»=> = <Sml!sm,>Vnn(Q) 7.8 7.8
s s
<Sm! Sm > = <5 . 7 ,9s '  • s m?m s s
Q = k -  k ’ 7 .10
and
v oo(S ) dR e 1- - V Q(R) 7 .11 .
A lso
where
V  = f dR Y (M)e1— V ( R )  
2q. J — 2q 2
7.13
and u s in g  W ig n e r-E c h a rt!s theorem  37 f o r  <Sm’. Jt^ |Sm > we g e t
S • S
k - S - i n ,
<^m ll^’}Cg lBm > = (~ ) /  2S+1<SS- msm^|kq>
s  s
s-m
= v'TS+’K-) S<ss m -m! |k -q>  7.14s s 1
q-S-m
2mF , = T (-)~  s /  2S+l<SS-m m? |2a>f,Vnmm L s  s '  * 2-qs  s q
q+S-m .
= ! ( - ) '  S vr 2S*+KSSm -m? |2-0>*Vo 7.15** s s ' 2 -aq
The te n s o r  a n a ly z in g  p o w ers , T2 q 3 a re  &^v e n 9 r e l a t i o n  to  th e  
s c a t t e r i n g  am p litu d e  by
Tr ( f Tk f +)
T, = ----------    7 .16
Kq Tr ( f f  )
We have dropped th e  s u p e r s c r ip t  B orn , b u t  a l l  q u a n t i t i e s  
c a lc u la te d  in  t h i s  c h a p te r  a re  in  P.W .B.A.
We need  to  e v a lu a te  th e  t r a c e s  o f  ( f f  ) and (fT . f  ) .kq
f f + = J f  f + = T f  f "  7 17^ m*m m mri ^ m!m m” mm s s s s  rn s s  s  ss s
t (ff+) = y f f*r  1 . msm m? mm mv s s  s s s s
m* I  [6 , °F + A2mF t ] f6Trt ' r f i  m  ? m  * ' •
jm . ■ 2mTF 1" m?rri * ' “  ^m?m J,'^mj m x rn'm “ 747rm m_m: s s  s s  s s  s ss s
.18
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o-+x n r. \  T r ( f f  ) =   ( $ x + 4>2 + <^ 3 + <^) 7 .19
4n2h if
= y 6 , °F°F* = 3°F°F* 7 .20Y1 v m?mnrm s  s  s  s
$ = 1 6 ,  A°F2l¥ \  = A°F y 2mF*2 . m*m m?m mmm?m s s s  s  m s ss s  s
_ __   m
= °FA I(~>  /~ 2S + i J  ( - )  <SS-m m I2a>
2 q m S s^ s
m
6 -  /  2S+1 A °F (-)S J ( - )  S<SS~m m (20> = 0 7 .2 1
2 m S Ss
S im i la r ly
^ 3 = 0  7 .22
*„ = A2 I  2mF . 2Y \4 " mm m!mm'm s s s  s s s
m m '
= A2(2S+1) I  ( - ) Q+q' \ _ y : n  l  ( - )  S<SS mo -m, 2 - q  2 - a  .
q>q' ~ ms ms
x <SS m -m712-q f > s s 1
b u t 58
I  <SS ms -ir / |2 -q><SS ny-m* 12-q*> = « 7 . 23
m m ^  1 s s
••• ♦„ = “* I V q^-q 7-21(q H
1{2—q>
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hence
,2
■Er(ff+) = - 2 2 —  [V (Q)V* (Q) + hz l  Y  C q A *  (Q)J00 -  00 -  £ 2 - a  -  2 - q  -
We examine now th e  te rm  f t ,  fkq
f  f  = T f  , <S m t , S m?t> f  ,,Tkq **„ nrm s '  k q 1 s m" m,??m ,m” s s  ^ s ss ’ s
J1 f  . <S m It ,  Is mf?> f  7 .26L ,, in'm s 1 k q 1 s m’ 'mT'
. 3m ~ " -  .s 9 s
T p (f  xkq f +) f  . <S rnjr, Is m,5» f  f„ m’m s '  ka* s m’mm 9m s s s 9 s
m7
15
s s
m2
 [F. + F0 + F* + F j  7 .2 71 2  3 1
w ith
F = I  °F S , <S m | t ,  |S m"> °F*6 , „1 **, m'm s '  k a 1 s m?m”m m ’ s s  - s  ss s
m"s
m
>F°F,*<S m |Tl Is s ' k q ' m >
6 -m  s s= °F°F* I  ( - )  K 5 /  2S+1 <SS m^-m |kq> =
rn *" ss
F. = 0F0F ‘ Sl n <5 .  1 kO qO 7.28
7.25
» -m" -m* M *
= A°F(2S+1) I  ( - ) q I  ( - )  <SS ih " -m |k -q > ( - )  S<SS m”- m j 2 - q '>  V , 
q ' m ra" S S ‘ s  s . ;~ q
s s
= (2S+1)A°F I  i - ) q ' MV*_q , I  ^ <SS m“ -n>s |k-q><SS ^ - m s |2 - q ’>
m m s s
= (2S+1)A°F I  ( - ) q ' V  , « 6 7 .29a? 2 - q f k2 qq
F, = (2 S + l)A °F (-)qv“ = 3A V - . C - j V  ' 7 .3 02 2 -q  00 2-q
With a  s im i la r  a n a ly s is  we g e t  f o r
F = 3 A Vnn Vn 7 .3 13 00 2q
*1
Fh = A2 y F t <S m It , Is m?’> FU m? m o ' Vn I e* t** L , m?m s '  k q 1 s  m?ro,?
s ■ 
m!
m ,mJ s""s " s ” ss
A2 I q"<s » ; | t 2o , | s  m xs » It Is ^ > < s  » * |T  t |S n
m m* q ’q" " - ^s s  ^
X *V V*2-q  2-q
3
= A2(2S+1)2 I  ( - ) q i n "  M y  Aq
i  t .  2-q  2-q  q 'q "
co 
a
A O  /
where
3S-m -m!l-m,?
Aa ’a"  = I  S S 3<SS tns - ^ | 2 - o 'x S S  m^-ms |2-a><SS m ;'-m ;|2-q">
q - in 9m’ s 9 s
m1*s 7 .3 3
T ransfo rm ing  th e  C lebsch-G ordon c o e f f i c i e n t s  in to  3 j sym bols 58 9 
u s in g  t h e i r  symmetry 58 p r o p e r t i e s  and th e  r e l a t io n s h ip  betw een 3j 
sym bols and 6 j sym bols in  r e fe re n c e  58 (e q u a tio n  C .33) we g e t
3S-m -m,,-m*+qn
A?i.s! = I  ( - )  <SS ms - m ^ |2 -q 'x S S  m^-nr |k -q x S S  12-q">
* • 1 m m' s s
mMs
. ,, ~m -rn5~m,?_ ( - ) 3S+q'*+q‘+q+q,’5/ k £ ( _ } s s s
S S 2 ’
/
's '  S k rS S 2 ’
m -m’ a* m" -m q mM -m* q fs sV. J s s 1 s s .
= ( - )q'+(V k  l  (-)
m nr s s
m"
3S+m H-m’+m” s s  s
m
I s
-m1 q 1 s  ■ m‘s m" - a ” s
S S k
m' -m q s
= <-)q '* V ic
/
2 k 2 ’
; 2
k
\
2
-q" q qf. Is S S
7.34
Hence
3_
F = A2 (2S+1)2 5 / k ( - ) q I  ( - ) q '
q’q!i
2 k 2
s s s
2 2 k M M *UV V 2 -q f 2 -q ”
7 .35
. L e t t in g  s = 1
F = 1 5 /3 ( - ) qA2
2 k 2 
1 1 1
■ l  ( - ) q ' ,+q<2 2 q " - q '|2 q > MV2. q , MV2_q„
q*q”
f , = 15/ 3 A2 if
2 k 2 
1 1 1
I  ( - ) q"<2 2 q " - q '|2 q > MV MV „
qq’ ? ’
Hence
T r ( f r .  f +) = m
kq  W V *
7.36
6 6 °F°F  + 3A(V<k + ( - ) qV )kO qO * w v 00 2<i k } 00 v2 - q '
+ 15/3  A2
2 k 2
1 I  T
I  ( - ) q"<2 2 q " - q ' | 2q>"v . “v*|„II U Hq'q
7 .37
The te n s o r  a n a ly z in g  powers a r e  th e r e f o r e  g iv en  by
= A
2 2 2 
1 1 1
I  ( - ) q <2 2 q - q > | 2 q > V „ .  V;_, 
q'»qn
M„ M 
2 - q ?. 2 -q ”
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7 .B. The d e u te ro n n u c le u s  opt i c a l  p o te n t i a l
The te n s o r  te rm  o f  T^ ty p e  and th e  c e n t r a l  p a r t  o f  th e  d e u te ro n -  
n u c le u s  G p tic a l  p o t e n t i a l  were ta k en  from K eaton and A rm strong fo ld in g  
model w ith o u t d eu te ro n  b reak -u p  2 3 . The s p in  o r b i t  i n t e r a c t i o n  was 
n e g le c te d  and th e  im ag inary  p a r t s  o f  th e s e  p o t e n t i a l s  w ere z e ro  a t  
th e  e n e rg ie s  c o n s id e re d  h e re  42 .
The c e n t r a l  p a r t  o f  th e  p o t e n t i a l ,  Vp(R) c o n ta in s  a  s t ro n g
n u c le a r  p a r t  and a  Coulomb p a r t  U .q
V R) U,(R> ° r f r< R> 7.39
where
Ua CR) Z e 2'  R "
Z__e 2 
2 R 3 R2
R > R -  c
R < R
7.1+0
The Coulomb ra d iu s  R^ i s  g iven  by E lto n  ^
The s t r e n g th  o f  th e  s t ro n g  n u c le a r  p a r t  o f  th e  c e n t r a l  p o t e n t i a l  
i s  2 3 ^ 2
Ur  = 0.917(110.1+ + 0.272/A  -  0 .32  E d)MeV 7.1+1
The r a d i a l  fu n c tio n  f  (R) has Wood-Saxon shape 23r
f  (R) = r
R -r  A r
1 + e
-1
7 .42
w ith
r  = 1 .14  fm „ a = 0 .9 7  fm 7 .43
The r a d i a l  p a r t  o f  th e  Tp te n s o r  te rm , ^ ^ ( R )  i s  2 3 51+2
V2R(R) = ~ UTrmT r(R) 7 .4 4
where th e  s t r e n g th  i s
U„ = 0 .0771  U Tr r 7.45
and th e  r a d i a l  fu n c tio n  m ^^R ) i s
1 d_
R dR
R -r„  A Tr
1+e Tr
7 .46
w ith  r_. = r  = 1 .1 4  fm . a« = 1 .02  fmi r  r  i r 7 .47
X 2 = 2 .0  fm27T
The r a d i a l  p a r t  o f  th e  T te n s o r  te rm , o b ta in e d  in  th e  l a s tP
c h a p te r ,  was f i t t e d  to  a Wood-Saxon shape
V. (R)
2p
U
7 .4 8
gTp(R) 1 + e Tp
-1
7 .49
The p a ra m e te rs  U ^ ,  r ^  and w ere found to  b e  s t r o n g ly  
dependent on th e  in c id e n t  d eu te ro n  en e rg y . Some o f  th e s e  v a lu e s  a re  
p re s e n te d  in  t a b le  5 , f o r  th e  t a r g e t  Zr and d e u te ro n  D -s ta te
p r o b a b i l i t y  o f  4%.
The app ro x im atio n  o f  th e  shape o f  th e  term  to  a Wood-Saxon 
shape i s  very  good a t  h ig h  e n e r g ie s ,  E^ > 150 MeV. At low er e n e rg ie s  
t h i s  ap p rox im ation  am ounts to  th e  n e g le c t  o f  th e  sm a ll peak  a t  th e  
t a r g e t ' s  s u r f a c e .
T able 5
Ed
MeV
UTp
MeV
^ p
fm
aTp
fm
90 1.1873 1.38718 0.49394
150 1.46674 1.22988 0.52476
210 1.36319 1.16428 0 .52441
270 1.15615 1.126 0.52197
330 0.94812 1.101 0.51974
7 .C. The a n g u la r  p a r t  o f  th e  i n t e g r a l s
The c e n t r a l  te rm  V0Q can be s p l i t  up in to  a Coulomb and a  s t r o n g  
n u c le a r  p a r t .  t.
where
and
r Q i
* ,  = } ®  e U (R)
r 1Q-R
voo = e V R)
7.51
7.52
MThe te n s o r  term s V0 have th e  rorm2q
\ ( Q >  :  |  dRe Y2g(f t)MV2(R) 7 .5 3
The a n g u la r  p a r t  o f  th e se  i n t e g r a l s  can be perfo rm ed  s t r a i g h t ­
away. We use th e  fo rm ula  f o r  th e  ex p an sio n  o f  th e  p la n e  wave in to  a 
s e r i e s  o f  s p h e r ic a l  harm onics 50
iQ«R 00 +£
= I  I  iX'3(,(Q H )Y ;.(Q )Y £f, t (R)
A=0 q 5=-£ q
7 .54
S u b s t i tu t in g  t h i s  fo rm u la  i n to  7 .5 1
q 4irZe__ ( q Tq.  
00 Q T V 7.5!
where
R
i a- = 
i
r
j
*L
s in  QR e 7.56
Tq -  1
2 “ 2R R s in  QR 3- 7 .5 7
-  JL
a
The te rm  e ^ comes from s c re e n in g . The p a ra m e te r  a i s  l e t
to  become i n f i n i t e  a t  th e  end o f  th e  c a l c u la t io n .
P erfo rm in g  th e  i n t e g r a l s  and l e t t i n g  a become i n f i n i t e
(Q) = f -  R Q cos QR + s in  QR 1 7 .58
00 ~  Q5R3 " *  °  °c
The s t ro n g  n u c le a r  te rm  becomes
V0 0 (Q) = % I "  7-59
V = 7 .6 0
00  0
where
I  = [ -  R Q cos QR + s in  QR 1 7 .61
0 0 Q5r 3 C °c
Tn _ 1. 
o -  Q J
r
R dR sin(QR)VVv(R) 7 .62
0
The te n s o r  te rm s ta k e  th e  fo llo w in g  form
A A
a ) Tr ty p e  o f  te n s o r  te rm : M = R
V  = /  ®  "  “ V R) =
= ^  * o ’ f0 ^  R2j i (QR)RV2(R) [  dCl h q ’(R)Y2q
7 .6 3
U sing th e  o r th o g o n a l i ty  o f  th e  s p h e r ic a l  harm onics
X R  ~
dR R*j (QR)V„ ( R)2 2K
b) ty p e  o f  te n s o r  te rm : M = P
The t o t a l  p o t e n t i a l  in  t h i s  case  i s
V = V (R) + i
P P P P ’
V (R )S"\ + V (R) 
2 12 12 2
The Born ap p ro x im atio n  to  th e  s c a t t e r i n g  am p litu d e  i s
—  t °F  + 2PF , ]m'rn |, , 2  '  m'nu irrms s 47rh s s  s s
w ith
F <5 , =m?m s s "
iQ.R
dR V0(R )e
ana
2P
= f I (-)q(Y2.q(k) + * j dR
MThe q u a n t i t i e s  "Vg a re  d e f in e d  by e q u a tio n  7 .1 2 . 
7 .67  w ith  7 .12 we see  t h a t
p  n  p  iQ«R p
V fi> = * [Y2q(« + W * ' }] Jo ^  6 V R)
Using 7.54 we get
7.65
7 .66
« - R P
e V
7 .67
Comparing
where
I = i R dR s in  (QR) V2(R) 7.69P Q j
7 .D. A nalyt i c  e x p re s s io ns f o r  i n t e g r a l s  in v o lv in g  Wood-Saxon in te g ra n d s  
The in te g ra n d s  we w ant to  e v a lu a te  a re  o f  th e  form
dR RMCS(QR) d f(R )
dR'n
7 .70
where
CS(QR) i s  e i t h e r  cos(QR) o r  sin(Q R) and
f ( r )  = 1 + e
RpC
a 7 .7 1
We now c o n s id e r  th e  i n t e g r a l  I 5 o f  th e  complex fu n c tio n  F (z )  
around th e  c lo s e  loop  0AB0., f i g .  35.
F( z ) dz
0AB0
7 .72
1 9 -  I  2iri R
n n
7 .7 3
where R* a re  th e  r e s id u e s  o f  F( z ) 9 a ls o  
n
I ? =
[A •
F(R)dR + F( z)dz  + i
0 AB
F (iy )d y 7 .2 4
where
rA
I = F(R)dR
I .  = F (z )d z
AB
= i I
I  = i  F ( iy )d y
For F (z )  we use th e  funct5.cn
F (z ) =
i  Qz
1+e z -c
F (z )  th u s  d e f in e d  has p o le s  a t  z = a^ where
a = (2n + D tra  i  + c n
The r e s id u e s  a re
R = £im 
n 6+0
i  Q6^i Qce“Q7ra( e -27rQa)n 
a
R = -  n
l - e ‘
i  0c -Qira, -2irQaXT1 a e e (e  )n
The re s id u e s  o f  f ( z )  form a g eo m e tric  s e r i e s .  Summing u
f o r  a l l  R we have n
n=0
R = n
a e i  Qc a e i  Qc
Qmd -Qird 2sinhQ7ra e -e
7 .76
7 .7 7
7 .7 8
7 .79
7 .80
t h i s  s e r i e s
7 .8 1
Hence when th e  p o in t s  A and B a re  removed to  i n f i n i t y  th e  i n t e g r a l  I*
r  = - lira esinhQma 7.82
We now c o n s id e r  th e  i n t e g r a l  I« .  We l e t  JOA} = |OBj and z = R
th e n  dz = i  R e do hence
where
I  = f2 i  de R e 19^  QP~ e
-  -  —  . 0  a a i  1+e e e
i0
f del
J n
f ( R , e )
| f ( R , 0 ) p  = R2
^iQRcosO^-QRsinO^-iQRcosG^-QRsinO
s R
a a
.R
(1+e ec cos0e s in G )( l+ e
c R ^ R  
aea cos0e as in 0 )
R e-QRsin 0
2c 2RccsO c R
(1+e a e a  +2cosGe ae ac o s0 )2
Hence as R becomes i n f i n i t e
f (R s0) 0 f o r  a l l  0
R +  CO
7.83
R + co
The i n t e g r a l  1 3 , f o r  R + «> i s
■0 ~Qvj_ . , e  ^dyT = 1  1 -------- J-
3 c .yJ CO ~  —  ±=L.
. a a 1+e e
F or th e  p u rp o ses  we w ant t h i s  i n t e g r a l  c i s  alw ays g r e a t e r  th a n  a, Hence
. .  £  iZ
I cl cl Ie e J < 1 f o r  a l l  v a lu e s  o f  y . Hence- we can expand th e  den o m in ato r
in a Taylor s e r ie s
c .. y 
1+e ae s
- S . i l '  -  2 c  2 i £
1 -  e 3 e 3 + e 3 e a
I
n=0
n c ^ ny
/• \ n a a( - )  e e
I ,  = i  I
n
( - ) n e 3
n c n t • n r>\. *r° (1 -  - Q)y
dy e
i, = I <-)n n a  e
nc
a
nc
n n 2+Q2a2
i  Qa2 I  ( - ) *
n n2+Q2a 2
7 .8 4
7.85
Hence I  = I s -  I
nc
j  -  na s in  Q - 1 ( - )
n
n n e
s in h  Q Tfa “ 2 ,n 2 2n^+Q^a^
+ l  a -  + Qa I  ( - )
nc
n e
s in h  Qira r  n 2+02a 2n
7.86
The s e r i e s  in  7 .86 a re  very  r a p id ly  co n v erg en t s e r i e s  due to  
nc
cl •th e  e x p o n e n tia l  e r; th e  f i r s t  few te rm s in  th e s e  s e r i e s  s u f f i c e  
to  g iv e  a  v e ry  a c c u ra te  answ er.
From e q u a tio n  7 .86  and th e  fo rm ula
e 1 ^  = cos QR + i  s in  QR 7.87
we g e t
.CO
SW =
dR s in  QR _
nc
n a
1+e
R-c
a
-  *a 005 + O y (->  e
s in h  Qma * 1 a 1 2j.a2 2 n n^+Q^a^
7 .88
and
CW =
dR cos QR _ tt5 s i n  Qc 
R -c ~ s in h  Qira
1+e a
! < - >
n n e
n c
a
n n 2+Q2a 2
7.89
I n te g r a l s  o f  th e  form r2h+1 s £n (Q j^)f(]> )^  can e v a lu a te d
from 7 .88  and 7.89 by th e  r e l a t io n s h ip
,2n+l
r 2 i i + 1  s i n ( Q R ) f ( R ) d R  =  ( - ) n + 1  a
0 dR
f(R )sin(Q R )dR 7.90
Hence
SRW
■ f ,
R sin(QR)dR _ ira2
1+e
R -'c
a s in h 2Qira
cos(Q C )sinh(Q ira) -  7r cosh(Qira)*
nc
x sin(Q C ) 2Q a 3 I  ( - ) n - i L £ — 1 -
n (n 2+02a2 )
7 .9 1
S im ila r ly
CRW = { R cos(Q R)f(R)dR = 
0 dQ
f(R )sin(Q R )dR
— £a- -  — - Ur co sh ( Qira)cos (QC) + ~  sinh(Q ira)sin(Q C ) 
s in h 2Qira  ^ a
+ ^  I  C-)
n
nc
n ~ ae n2-Q2a2 
*(n 2+Q2a 2 )
7 .92
I n te g r a l s  in v o lv in g  d e r iv a t iv e s  c f  Wood-Saxon can be e x p re s se d  
in  term s o f  th e  fo u r  i n t e g r a l s  SW, CW, SRW and CRW. We f i r s t  c o n a d e r  
th e  i n t e g r a l ,  D.
Ij = j  R s.in(QR) -  g p A  dR 7 .9 3
I n te g r a t in g  by p a r t s  we have
D = R s in (Q R )f(R )
rsin(Q R )f(R )dR  -  Q j R cos(Q R)f(R)dR
The f i r s t  te rm  becomes ze ro  a t  b o th  l i m i t s  i f  f(R ) i s  o f  a  Wocd-Saxon 
shape 3 hence
Dj = -  SW -  QX CRW 7.94
I n te g r a t in g  by p a r t s  th e  i n t e g r a l  we g e t
D2 = [  ®  R3J2 (Q R) ^  ( t  I
= R2J„(QR) d f -  r  f  i  d i -  [ r 3j ,< qr )_ 7.95
U sing th e  fo llo w in g  r e c u r s io n  r e l a t i o n  f o r  th e  B e sse l fu n c tio n  J^CQR)61
£+1t  t x d
p J £ - i ( p ) = e£ p*+V p)] 7.96
we g e t
D = - Q R ^ C Q R ) | |  dR 7 .3 7
I n te g r a t in g  by p a r t s  ag a in  and u s in g  7 .96 we g e t
D = Q I dR R sin (Q R )f(R ) = Q (SRW)
0
7 .9 8
A ll  th e  r a d i a l  i n t e g r a l s  we need  can now be e v a lu a te d .  I  and I  
can be e v a lu a te d  from 7 .91  and I n can be e v a lu a te d  from  7 .9 8 .x\
7 .E . The te n s o r  a n a ly s in g  powers
The e x p re s s io n  7 .3 8 , f o r  T2q’ can wr'd't 'ten  as 
f Ct+C f
T_ = A - 3 -------- 7 .99
20 f OC+A2ft1:
where
f Ct = ( - ) n-V„„MV* + v* Mv 7 .100o 00 2~c 00 2c
C = 5 /3  A
2 2 2n
~ A  7 .101*T
++  r. n n I M M *’*f "  = l  ( - ) l  <2 2 q "-< i'|2 q >  \ _ n , V „ 7 .102
A n f . a M  ■
fC°  = v ‘oov oo = 16* 2V o  7 -103
^ fV . ,Mv"
q
= L uv . V . 7 .104
t 2-q* 2~q
These e x p re s s io n s  can be s im p l i f ie d  f u r t h e r ,  w ith  th e  a id  o f  th e  
r e s u l t s  o f  s e c t io n  C. The a re  r e f e r r e d  to  a r i g h t  handed c o -o rd in a te  
system  in  which th e  p o s i t i v e  z - a x is  i s  a lo n g  th e  d i r e c t io n  o f  th e  in c id e n t
/S A
beam, k ,  and th e  y - a x is  i s  a lo n g  Jg x k_f , w here k s i s  th e  d i r e c t io n  o f  
th e  o u tg o in g  beam 55 . With t h i s  cho ice  o f  axes th e  p o la r  an g le  <f> i s  
always ze ro  f o r  th e  v e c to r s  k , k ? and £  = k -  k ' .  We s h a l l  e x p re s s  
th e  in  te rm s o f  th e  s c a t t e r in g  a n g le .  0 ,  betw een k  and k * . O th e r 
a n g le s  we w i l l  use a re  th e  an g le  betw een k and Q, 0^ j and th e  a n g le  
betw een k ? and Q, 0^. We a re  concerned  h e re  w ith  e l a s t i c  s c a t t e r i n g ;
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.th e  m agnitudes o f  k ,  k ,  and k ' 5 k J , a re  th e r e f o r e  e q u a l .  The a n g le s  0 9 
Oq and 0^ a re  sim ply  r e l a t e d  in  t h i s  c a s e ,  a s  can be e a s i l y  shown from 
f i g .  34
>Q = |  -  9° 0 f = 90 + —Uq 2 7 . 1 0 5
A A
S ince k = z and <f> = 0 f o r  k
v, (k) = / 2 h i l  skq 4 qO 7 . 1 0 6
Some o th e r  u s e f u l  p r o p e r t i e s  o f  th e  s p h e r ic a l  harm onics a re  th e  
fo llo w in g  58360
I  Yk a (?)Y k a ( ? , ) 7 .107
Yk a(?)Y k 'c i ’ (?,) = E kq k q L,M
(2 k + l) (2 k ’+ l)
4 tf( 2 L + 1 )
<kkJ0 0 1LO xkk?q q f |LM>Y ( r ) 2 .108
The p ro d u c t te n s o r  o f  rank  k c o n s tru c te d  o u t o f  th e  d i r e c t io n s  r  and r * ,
Dk 'k ’V  B, ( r , i v )kq
nk 5k ‘V
Bkq ( r ’r  > = ■x ..- . , - . .^ -« s = r s r  I  < k’k ''q 'q " |k n > Y  (r)Y  , , ( ? ’ ) / ( 2 k f +1) ( 2k”+ l)  q \ , q ” q q
7 .109
i s  c a l le d  b ip o la r  s p h e r ic a l  harm onic 58.
Some p r o p e r t i e s  o f  th e  b ip o la r  s p h e r ic a l  harm onics o f  use to  us 
h e re  a re  th e  fo llo w in g
t>k!k" - - f , nklfk V ? 
ko ( r »r  ) : : B kq ( r  ’r ) 7.110
From e q u a tio n  7 .108 and th e  o r th o g o n a l i ty  r e l a t i o n  f o r  th e  
C lebsch-G ordcn c o e f f i c i e n t s  we have
= / S  <*'*"°0|kO>Ykq( r )  7 .111
When th e  d i r e c t io n  r  i s  a lo n g  th e  z - a x i s ,  we have from  e q u a tio n  7.106
B£nk ( z , r ’ ) = — s = — ======= I  < k ’ k " q ' q " | k q >  j  y ( £ ’ )
kq / ( 2 k '+ l ) ( 2 k " + l )  q 'q "  4,1 0 0 * q
. A J * L _  <k 'k "0 q |k q >  Yk„ ( r> )  7 .112
We l e t  th e  d e u te ro n -n u c le u s  o p t i c a l  p o t e n t i a l  t o  b e  o f  th e  
ty p e  in  e q u a tio n  7 .1
V = V0(R) + RV2 (R )S12(§ ,R ) + |  [PV2 (R )S12( S sP) + s 12( s ,p )p v2(r )]
In  t h i s  case
T J P  A  A  A
2q = 2* f < V k ) + V k , ) > V  2 IRY2q(Q)3 7 ’ 113
From e q u a tio n s  7 .100  and 7.106 v?e g e t
W + + Y2 a ( k , ) ] - 2 ( I o W o )Y2q(5 ) }f Ci: = 8tr2q I. u p P q.u *+TT ZQ U Ik ^
7 .114
From e q u a tio n s  7.102 and 7.106**7.112 we g e t
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r  <2200 |20>{l I*
q 4m V P P
5 6 „+ 2 <220n4 it qO <2200
2q>
20> ‘ 2qJ k ' )
+ Y2q(k> )] + « RI*  Y2q(Q)
#V
<22001 20> <220o12n> Y2(j( 0) + / X  B22 (k* ,Q) }
pt t
"q = 4’' 2 '/ J { ItIRI RY2 q « ) + V p  [ / w  V  + ( 1 -/W < 220n |2n> )Y 2q
(k
+ ./TH (iRi ; +i p x p <220q|2q> Y ^ iQ )  + / X B 22(k * sQ) } 7.115
From e q u a tio n s  7.104., &.107 and 7 .113  we g e t
r r t t  _
f  =  4 tt I p I p (2P2( l )  + 2 P 2 ( c o s  0 )
2 ( I p I R + I RX (co s  Oq) + 2P2 (co s  o^) + « rI rP2( D }
5 ir |lp lp (3  c o s20+ l) + 4 IRI*  - 2 ( I p I R + I RI* ) 3 (co s20 tccs^ C )')q C
7.116
t tIn  te rm s o f  th e  s c a t t e r i n g  an g le  0 f  becomes
.p t t  _ cf  = 5 tt Ip lp (3  c o s20+ l) + 41plp K (IpIp  + I p I * ) ( 3  s i n 2 |  -  1)
7 .117
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Hence
T2q = A! 2{ ( I oI P+IPI »!)
<s + y (k*)4tt qO 2q } 2 ( I 0I R + I RI 0 )Y2 q (Q »
-  A / - § .  U i  i*8tt \  rXRRY2q(Q) + Ip lp "  *®<220q|2q>)Y2q(k>)J
A  J .
+ / l 4 ( I RI p + I p I R) <220q|2q> Y2q(C$) + / j j ^ B “ (k ;S )
j « 0I*  + 1 ^ -  | l p l p ( 3  COS2 0+ 1) + 4 IRl "  -  4 ( I p l"  + I RXp)(3 S in• „2 §_2 -!>}]
7 .118
I f  th e  c e n t r a l  p o t e n t i a l  i s  n e g le c te d
2tt
T2q = -  *■T  f ^ R  Y2q(Q) + h h  L
f L  5qo+ (1  -  ^ < 2 2 0 q |2 q » Y 2q( f i ') ]
+ » ^ ( I RIp  + I p I R)^ 2 2 0 q |2 q >  Y2 q (Q) + B ^ k J Q ) ]
EI p lp O  c o s2 e + 1) + « RI R -  4 I PI R + I PI P (3 s i n 2 -  1 )
7 .119
I f  b o th  th e  c e n t r a l  p o t e n t i a l  and th e  Tp term  a re  n e g le c te d  th e  
become
T = -  y (6)
L2q  5 2qVk; 7.120
“ 156 “
In  p a r t i c u l a r
T20 = -  7 t  (3 sinZ I  -  15
✓ 3 . 0  6
l2I = “ T S i n 2 C0S 2
✓3 .
T s in
✓3 2 0
'22 -  "  ~  C0S 2
7 .121
I f  th e  c e n t r a l  p o t e n t i a l  and th e  te rm  a re  n e g le c te d  we have
T 5qo ^ 1- ^ < 2 2 Q q | 2q» V 2q( k ' )
2q 3 cos2 9+1
7.122
In p a r t i c u l a r
20
21
22
1 9 c o s20 - l
To--------- : ------
3 co s20+ l
/ 3  s in  9 cos 9 _ /3  s in  (29)
3 c o s20 + l ^ 3 c o s20+ l
-  + ✓3 s i n 20
3 c o s20+ l
7 .123
E qu atio n s  7 .1 1 9 -7 .1 2 3  have o f  cou rse  no p h y s ic a l  s ig n i f i c a n c e  
because  th e  c e n t r a l  p o t e n t i a l  i s  much g r e a te r  th a n  th e  te n s o r  p o t e n t i a l s .  
N e v e rth e le s s  th e se  e q u a tio n s  a re  q u i te  an i n t e r e s t i n g  r e s u l t j  th e  te n s o r  
a n a ly z in g  powers in  P.W.B.A. a re  ind ep en d en t o f  th e  shape o f  th e  p o t e n t i a l  
and th e  bom barding energy  when th e  o p t i c a l  p o t e n t i a l  c o n s i s t s  o f  o n ly  one 
type  o f  te n s o r  in t e r a c t io n .  T h is s im p le  r e s u l t  p ro v id ed  us w ith  an e a sy  
check f o r  th e  com puter program  used  f o r  th e  e v a lu a t io n  o f  th e  f u l l
expression for Tg .
7 *F * V a l id i ty  o f  P.W.B.A.
P.W .B.A. i s  e s s e n t i a l l y  a  h ig h  en e rg y  a p p ro x im a tio n . T h is  ap p ro x im atio n  
i s  e x p ec ted  t o  be  v a l id  i f  th e  fo llo w in g  in e q u a l i ty  i s  s a t i s f i e d
( m . ■>
Q
N>
"2*7"h v j
f  V ( r ) ( e 2 ik r -  l ) d r  
*0
«  1 7 .124
By f a r  th e  s t r o n g e s t  p o t e n t i a l  i n  o u r case  i s  th e  s t ro n g  n u c le a r  
c e n t r a l  p o t e n t i a l ,  VQ.
V = U f(R ) 0 r 7.125
w ith  U and f(R )  d e f in e d  in  e q u a tio n s  7 .41  and 7 .42  r e s p e c t iv e ly ,
Hence an e s t im a te  f o r  th e  v a l i d i t y  o f  P.W.B.A. i s  g iv e n  by
'" t fV 7.126
where
■/
00 2 i k r , e d r
1+e
r - c
a
7.127
and
I -  = d r
1+e
r - c
a
7 .128
The i n t e g r a l  I j  can be e v a lu a te d  from e q u a tio n  7 .86  and I  from  7 .8 9 ,
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irac r  , Nn e —  “ a  [  ( - )  -ira n
nc
a
= c -  a  In 1 + e 7 .129
b u t
-  £  «  1 7 .130ae
hence red u ce s  to  2
I  ~ c 7 .131
At h ig h  e n e r g ie s ,  where P.W.B.A. i s  e x p ec ted  to  be v a l i d ,  i s  
much la r g e r  th a n  I  . The c r i t e r i o n  fo r  th e  v a l i d i t y  o f  P.W .B.A. i s  th e n  
c o n v e n ie n tly  red u ced  to
firuU c^ 2 d r «  1 7 .132
With t h i s  c r i t e r i o n  P.W.B.A. i s  e x p e c te d  to  be a re a s o n a b le  
app ro x im atio n  f o r  > 250 MeV, a t  l e a s t  f o r  sm a ll s c a t t e r i n g  a n g le s .
7 .G . R e su lts  o f  th e  c a lc u la t io n
The r e s u l t s  o f  th e  c a lc u la t io n  a re  shown in  f ig u r e s  36 to  41., f o r
in c id e n t  d e u te ro n  e n e rg ie s  250 MeV and 310 MeV. The t a r g e t  i s  92Zr and
th e  s t r e n g th  and shape o f  Tp i s  d e r iv e d  from our b in d in g  energy  ap p ro a c h ,
w ith  a  d e u te ro n  D -s ta te  o f  4%. The d e u te ro n -n u c le u s  o p t i c a l  p o t e n t i a l
c o n ta in s ,  a p a r t  from th e  c e n t r a l  p o t e n t i a l ,  e i t h e r  a te n s o r  p o t e n t i a l  o f
th e  Tp ty p e  o n ly ,  o r  b o th  Tp and Tp te n s o r  p o t e n t i a l s .  The te n s o r
a n a ly z in g  powers co rre sp o n d in g  to  th e  fo rm er c a s e ,  ^ q 5 a re  ^ e dashed
c u rv e s , and th e  te n s o r  a n a ly z in g  pow ers c o rre sp o n d in g  t o  th e  l a t t e r  c a s e ,  
RPT0 ,  a re  th e  s o l id  c u r v e s .2q
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We a re  n o t v e ry  much in t e r e s t e d  in  th e  a c tu a l  shape o f  T2q* becau se
th e re  a re  a t  p r e s e n t  no e x p e rim e n ta l d a ta  to  compare w ith  o u r r e s u l t s ,
a t  th e s e  h ig h  e n e r g i e s , in s te a d  we a re  in t e r e s te d  in  th e  d i f f e r e n c e s  
Rri RPbetw een ^ 2 q  anc* ^2q b ecau se  fh ese  d i f f e r e n c e s  can p ro v id e  a  t e s t  f o r  
th e  e x is te n c e  o f  th e  Tp te n s o r  fo rc e  we p ropose  h e re  when e x p e rim e n ta l 
d a ta  a t  th e se  h ig h  e n e rg ie s  become a v a i l a b l e .
T> pp
We can e a s i l y  see  in  th e  f ig u r e s  t h a t  *2q T2q s ^ ow i TnPo r ‘ta n 't
d i f f e r e n c e s  a t  fo rw ard  a n g le s  f o r  T2Q and T2 1 . At backw ard a n g le s  and
f o r  a l l  a n g le s  f o r  T 9 and ^ T -  a re  v e ry  s im i l a r .  The r e s u l t2 2 9 2q 2q
s u g g e s ts  t h a t  m easurem ents o f  T2Q and T a t  h ig h  e n e rg ie s  and a t  fo rw ard  
a n g le s  a re  ex p ec ted  to  be th e  m ost s e n s i t i v e  p o la r i z a t io n  q u a n t i t i e s  on 
th e  Tp p o t e n t i a l .
/'
We can  e a s i l y  u n d e rs ta n d  th e  re a so n s  f o r  t h i s  r e s u l t ,  from e q u a tio n
7 .3 8 . T h is e q u a tio n  e x p re s s e s  th e  te n s o r  a n a ly z in g  powers in  te rm s o f  th e
MF a u r ie r  tra n s fo rm s  o f  th e  p o t e n t i a l s ,  . The l a r g e s t  o f  th e s e
p o te n t i a l s  i s  o f  co u rse  VQ0. The a re  th e r e f o r e  e s s e n t i a l l y  d e t e r -
M Mm ined from  term s l i n e a r  in  t h a t  i s  T ^  e s s e n t i a l l y  depends on
M • r_ pp
Vqq ^2q* D if fe re n c e s  betw een and T^^ a re  th e r e f o r e  e x p e c te d  to  be
P Pmore pronounced when i s  la rg e  compared w ith  ^ q *  U sing e q u a tio n s
7 .6 4 , 7 .6 5 , 7 .6 8 , 7 .6 9 , 7 .9 1  and 7 .98  we g e t
= " , 0T , Q)j Y2q(Q) 7 .133
PV2q  = f  [sRW (a_ ,  c  Q>j ^ / k - ) + / ±  6 q0]  7 .134
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P PHence th e  r a t i o  o f  to  'Vg i s  p r o p o r t io n a l  to  th e  q u a n t i ty  D2
^  5 +Y0 ( k ?)
D = ------------------------------  - 7<135
2q 2Q2Y2o(Q)
The momentum t r a n s f e r  Q e x p re sse d  in  te rm s c f  k and th e  s c a t t e r in g  an g le  
0 i s
Q = 2k s in  ~  7 .136
Hence
AP- 0 „ +Yo (o )
D„ = -------- —— ~ — —-------  7 -137
0 8k 2s i n 2 *2 Y2n^Go^
In  p a r t i c u l a r
D = -------- 3. 20+i ----------    7 .138
2 8k2s in 2 (3 s i n 2 tj- -1 )
cos 0
21 4k2s in 2  |
7.139
D  -----1 -  7 .140
2k 2
R PPD if fe re n c e s  betw een T~ and ‘ T- a re  ex p ec ted  to  be  im p o r ta n t2o 2o
0when |D2r!l i s  l a r g e .  D and D a r e  l a r g e s t  f o r  ^  s m a ll .  D?2 i s
P RPalways sm a ll a t  h ig h  e n e rg ie s .  D if fe re n c e s  betw een 'Tg and T2 a r e
th e r e f o r e  ex p ec ted  a t  fo rw ard  a n g le s  f o r  T A and T „ .c 20 21
161
Figure 34. The choice of axes as prescrib ed  by the 
Madison convention .
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Figure 35. The in tegra tion  path fo r  the in teg ra l
in  se c t io n ” 7.
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Figure 36. The tensor analyzing power T2Q in  PWBA
fo r  E, = 250 MeV. d
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Figure 37 . The tensor analyzing power T 2 1  in  PWBA
for E , = 250 MeV * a
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Figure 38. The tensor analyzing power T£2 in  PWBA
for Ed = 250 MeV.
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Figure 39. The tensor analyzing power T2Q in  PWBA
for E, = 310 MeV. d
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Figure 40. The tensor analyzing power in  PWBA
for Ed = 310 MeV.
-  168 -
Ed.s310McV 
D -state * A%
Tr potential ONLY
T/t+Tp POTENTIAL
18016012010 0
F ig u re  41 . The te n s o r  a n a ly z in g  power T2 2 !.’in  PWBA 
f o r  Ed = 310 MeV.
-  169 -
EPILOGUE
In  t h i s  work we have p roved  t h a t  a new te n s o r  p o t e n t i a l  o f  th e  
Tp ty p e  m ust e x i s t  in  th e  d e u te ro n -n u c le u s  in t e r a c t io n .  The fun d am en ta l 
so u rce  o f  t h i s  new p o t e n t i a l  i s  th e  te n s o r  fo rc e  in  th e  n u c le c n -n u c le o n  
i n t e r a c t io n  and th e  P a u l i  e x c lu s io n  p r in c i p l e .  We have shown t h a t  t h i s  
new te n s o r  p o t e n t i a l  has a s i g n i f i c a n t  m agnitude over a w ide ra n g e  o f  
h ig h  in c id e n t  d eu te ro n  e n e rg ie s .  A lthough our model f o r  th e  p ro p ag a ­
t io n  o f  a d eu te ro n  th ro u g h  a f i n i t e  n u c le u s  i s  n o t v a l id  a t  low e n e rg ie s  ,
< 100 MeV, we do ex p ec t th e  te n s o r  p o t e n t i a l  o f  th e  Tp ty p e  to  be 
s i g n i f i c a n t  f o r  th e s e  e n e rg ie s  a l s o ,  becau se  th e  e f f e c t  o f  th e  P a u l i  
e x c lu s io n  p r in c ip le  i s  s t ro n g  a t  th e s e  e n e rg ie s .  The o n ly  en erg y  re g io n  
where we e x p e c t t h i s  n e w „ p o te n tia l  to  be n e g l ig ib ly  sm a ll i s  f o r  
in c id e n t  d eu te ro n  e n e rg ie s  below  o r  o f  th e  o rd e r  o f  th e  Coulomb b a r r i e r  
energy  , because  , th e re  th e  a c t io n  o f  th e  P a u li  p r in c 5 .p le , a lth o u g h  
v ery  s t r o n g ,  i s  very  s im i la r  on a l l  p o s s ib le  sp in  s t a t e s  o f  th e  d e u te ro n . 
These rem arks a re  r e in f o r c e d  by th e  s t a t e  o f  agreem ent betw een e x p e r i ­
ment and th e o ry  a t  p r e s e n t .  E x p e rim en ta l d a ta  from d eu te ro n  n u c le u s  
e l a s t i c  s c a t t e r in g s  w ith  p o la r i s e d  d e u te ro n s , a re  a n a ly se d  in  te rm s o f  
an o p t i c a l  p o t e n t i a l  w hich c o n ta in s  in  a d d i t io n  to  th e  u s u a l  s p in  o r b i t  
te rm , te n s o r  fo rc e s  o f  th e  T^ and T^ ty p e s .
The r e s u l t s  o f  such an a n a ly s i s  ag ree  f a i r l y  w e ll  w ith  e x p e r i ­
ment a t  subcoulomb e n e rg ie s .  T his ag reem en t, betw een th e o ry  and ex p erim en t 
d is a p p e a r s ,  how ever, f o r  d eu te ro n  e n e rg ie s  a  l i t t l e  h ig h e r  th a n  th e  
Coulomb b a r r i e r  en erg y . S ources f o r  t h i s  d is c re p a n c y , o th e r  th a n  th e  
n e g le c t  o f  th e  te n s o r  p o t e n t i a l  o f  th e  Tp ty p e , a re  c o n c e iv a b ly  d e u te ro n  
b reak -u p  and Coulomb e f f e c t s .  Both th e s e  e f f e c t s  become s m a ll a t  h ig h  
e n e r g ie s ,  e .g .  E 'v  100 MeV. E xperim en ts w ith  p o la r iz e d  d e u te ro n s  a r e
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u n fo r tu n a te ly  perform ed  sc  f a r  a t  much low er e n e rg ie s  w here b o th  Coulomb 
and b reak -u p  e f f e c t s  a re  ex p ec ted  to  be im p o r ta n t . S im ila r  ex p erim en ts  
a t  h ig h  e n e rg ie s  would be v e ry  u s e f u l  in  e s t a b l i s h in g  w h e th e r o r  n o t 
a s tro n g  te n s o r  p o t e n t i a l  o f  th e  Tp ty p e  e x i s t s  in  th e  d e u te ro n  n u c leu s  
i n t e r a c t i o n .  Hooton and Johnson 8 showed t h a t  c e r t a in  co m binations 
o f  th e  te n s o r  a n a ly z in g  pow ers a re  ex p ec ted  to  be very  s e n s i t i v e  on th e  
te n s o r  in t e r a c t io n s .  These id e a s  w ere ex ten d ed  by S an tos who
showed t h a t ,  i f  th e  p o la r i z a t io n s  o f  b o th  th e  in g o in g  and o u tg o in g  beams 
a re  m easured , com binations o f  o b se rv a b le  o u a n t i t i e s  can be c o n s tru c te d  
w hich a re  s e n s i t i v e  to  p a r t i c u l a r  ty p e s  o f  te n s o r  i n t e r a c t i o n s .
Sim onius has shown t h a t  th e s e  ex p erim en ts  a re  in  p r in c i p le  th e  m ost 
complex exp erim en ts  r e q u ir e d  t o  co m p le te ly  d e term in e  th e  t r a n s i t i o n  
m a tr ix  e lem en ts a t  a  g iven  energy  and a n g le .  Only a h a n d fu l o f  such  
ex p erim en ts  have been done o r  a re  in  p ro g re s s  sc  f a r .  These a re  
perform ed  a t  very  low e n e rg ie s  and very  l i g h t  t a r g e t s , and m easurem ents 
have been p r im a r i ly  o b ta in e d  a t  0° where i t  i s  s im p le r  to  o b ta in  th e  
p o la r i z a t io n  t r a n s f e r  c o e f f i c i e n t s .  Such exp erim en ts  f o r  h e a v ie r  
t a r g e t s  and a t  a number o f  an g le s  co u ld  be extreme3.y u s e f u l  in  d e t e r ­
m ining th e  c o r r e c t  te n s o r  p o t e n t i a l s ,  Tp , T^, and Tp , in  th e  d e u te ro n  
n u c le u s  in t e r a c t io n .
When th e  shape and s t r e n g th  o f  t h i s  new te n s o r  fo rc e  i s  e s t a b l i ­
shed  th e  Tp fo rc e  can be used  to  o b ta in  new in fo rm a tio n  on a v a r i e ty  o f  
im p o rta n t problem s c u r r e n t ly  fa s h io n a b le  in  n u c le a r  p h y s ic s .  Some o f  
th e s e  a re  th e  fo llo w in g .
The s t r e n g th  o f  th e  te n s o r  p o t e n t i a l  we p ropose  h e re  depends 
s t ro n g ly  on th e  D -s ta te  o f  th e  d e u te ro n . E xperim ents w ith  p o la r iz e d  
d eu te ro n s  can in  p r in c ip le  y i e ld  in fo rm a tio n  ab o u t th e  p a ra m e te r  85 
o b ta in e d  from (d ,p )  m easurem ents a t  low e n e rg ie s  6 6 ,
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At h ig h  e n e rg ie s  th e  te n s o r  fo rc e  we p ropose  h e re  comes ab o u t 
from th e  la rg e  r e l a t i v e  momenta o f  th e  n -p  system s i t  i s  th e r e f o r e  
a s s o c ia te d  w ith  th e  medium and s h o r t  range  p a r t s  o f  th e  n u c le o n -n u c le o n  
fo rc e  which a re  n o t  very  w e ll  known a t  p r e s e n t .  E xperim en ts w ith  p o la ­
r i z e d  d e u te ro n s  a t  h ig h  e n e rg ie s  can th e r e f o r e  y ie ld  new in fo rm a tio n  
ab o u t th e  s h o r t  and medium ran g e  p a r t s  o f  th e  n u c leo n -n u c leo n  te n s o r  
f o r c e .  At low e n e r g ie s ,  on th e  o th e r  h an d , where th e  w e ll  known p a r t  o f  
th e  n u c leo n -n u ce lo n  fo rc e  c o n t r ib u te s  more to  th e  g e n e ra tio n  o f  th e  Tp 
te n s o r  f o r c e „ ex p erim en ts  w ith  p o la r iz e d  d e u te ro n s  can g iv e  in fo rm a tio n  
ab o u t th e  n u c le a r  d e n s ity  a t  th e  n u c le a r  s u r f a c e .
I t  i s  p r e s e n t ly  b e l ie v e d  t h a t  a m echanism , in v o lv in g  th e  n u c le o n -  
n u c leo n  te n s o r  fo rc e  and th e  P a u l i  e x c lu s io n  p r i n c i p l e ,  s im i la r  to  th e  
one g e n e ra t in g  th e  Tp te n s o r  f o r c e ,  i s  r e s p o n s ib le  f o r  b in d in g  n u c le i  
a t  th e  o b serv ed  d e n s i t i e s .  The s p in  s t r u c t u r e  o f  th e  Tp te n s o r  fo rc e  
can p ro v id e  a way o f  s e p a r a t in g  o u t t h i s  mechanism, f o r  a  ran g e  o f  
e n e rg ie s  and d e n s i t i e s , in  ex p erim en ts  w ith  p o la r iz e d  d e u te ro n s .
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APPENDIX
The p e r tu rb e d  s ta t io n a r y  s t a t e  m ethod ( P .S .S .)  and th e  P a u li  c o r r e c t io n
/
The h a m ilto n ia n  d e s c r ib in g  th e  s c a t t e r i n g  betw een two com posite 
p a r t i c l e s  i s
where HA( £ ) ,  Hn (ri) a re  th e  i n t e r n a l  h a m iltc n in a n  o f  p a r t i c l e s  A and B;fi — D —
jn t h e i r  i n t e r n a l  c o -o rd in a te s  r e s p e c t iv e ly ?  *the Coulomb i n t e r ­
a c t io n  which i s  assumed to  depend o n ly  on th e  r e l a t i v e  c o -o rd in a te  R;
 ^ t h e i r  m u tu a l i n t e r a c t i o n ;  and T(R) t h e i r  r e l a t i v e  k in e t i c
en e rg y .
The w a v e fu n c tio n 9 a t  each  p o in t  R9 can be  expanded in  te rm s o f  
th e  com plete s e t
te rm  in  d -n u c le u s  s c a t t e r i n g  51-52 (by W.S. Pong) 5n .
H = t ( r ) + ha (£ )  + HB(n )  + vAB( R ^ ,n )  + Uc (R) A .1 .1
-  R*) ;  ti d i s c r e t e  o r  co n tin u o u s  A .1 .2
w ith  s a t i s f y i n g  th e  e q u a tio n
( haU )  + HB(n )  + vAB( R M ,n > ^ ( i , n ,R * )  = En (iO*n (i,;n ,R )
A .1 .3
Here R* i s  t r e a t e d  a s  a p a ra m e te r .
T his expansion  w i l l  f a i l  i f  th e  in t e r a c t io n  V (R 9£ 9q) i s
non lo c a l .
n
A. 1 .4
n
-  173 -
S u b s t i tu t in g  A .1 .4  in to  th e  S ch ro d in g er e q u a tio n
(E -  H) = 0 A.1.5
and p r o je c t in g  on to  )^(R  "* we Ze 't
D<E -  E. <E)> * s ' i ? - { h 2( n ) -  £L- cc mm 2y mmnTlIPj § (R) m —
?r~c § (R) 2)i ran n — A .1 .6
n/m
where
< V »  = w  = < * „ < £ & £ > !  0 e R m( L « . ^ > O W  A . I . 7ov er
5 sn
mn
r *
d£_di_<f>^ (^ 9n_;R)VR <J)n (£ 3n_9R) A . I . 8
D efin in g  A E (R ) by m —*
AE (P.) = E (=») -  E (R)m — m m — A . I .  9
we can r e w r i te  A .1 .6  as
E -  + %  ’ r  - U - t - c  -  AE ( R) l l ' *  (R)c 2y mm m — n  m®]}',
= -  f  c  0 ( R )J 2y mn n —
n^m
A.1.10
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The d ia g o n a l te rm s , C (R ) , d e s c r ib e  th e  r e a c t io n  o f  °  mm ~
r^Cji,_n,R) to  a change in  R, and th e  o f f - d ia g o n a l  te rm s , C^CR) g ive  th e
co u p lin g  o f  d i f f e r e n t  s t a t e s  as  R changes.
In  d -n u c le u s  s c a t t e r i n g ,  th e  h a m ilto n ia n  can be w r i t t e n  a s
H . .. = t  + t  + U J R -  ~d-N n p p 7m
f £1 r '
+ un - + 2)
+ 0V ( r )  + U np — c - ‘ 7
A .1 .1 1
w here 0 p r o je c t s  o u t o f  o ccu p ied  s t a t e s .
The i n t e r n a l  m otion o f  th e  n -p  system  i s  d e s c r ib e d  by
{ t  + 0V ( r ) }  $ ( r ,R )  = E (R)d ( r ,R )  r> np — n —— n — n ----- A. 1 .12
I t  i s  im p o ss ib le  to  f in d  a s o lu t io n  to  th e  above e q u a tio n  o f  th e  form
-  R) b ecau se  0 i s  n o n - lo c a l  in  R.
<ksK0|e|k' 3K^> = e[- kp + - i  ]e(- k
IL? j
5 ( k - k , )6(K 0-K ’ )
A .1 .1 3
where k_ = k„(R ) i s  th e  l o c a l  Fermi momentum, and 
r  r  —
0 ( k ) = 1 
0 (x )  = 0
i f  x > 0
i f  x < 0
A .1 .1 4
The s o lu t io n  o f  e q u a tio n  A . I . 12 m ust th e r e f o r e  depend on th e  
c e n tr e  o f  mass momentum, KQ, b ecause  0 depends s tr o n g ly  on KQ. No 
such momentum dependence i s  b u i l t  i n to  $n ( r ,R )6 (R  -  R’ ) .
£ o > e
However a  remedy can be found . We can so lv e  A .1 .12  u s in g
as an a n s a tz ,  w ith  § (r ,R * .K « ) and E (R ’ ,Kn )n — — n — u
th e  d eu te ro n  w avefu n c tio n  and e ig e n e rg y  (b in d in g  en e rg y ) a t  th e  p o in t  R} ,
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o b ta in e d  in  c h a p te r  6. R ep lac in g  K bv -iV  , we can r e g a rd~ 0 '' K
{^n ( r 3R 'j  - iV ^ ?)6 (R ? -  R)} as  th e  com plete s e t  a t  th e  p o in t  R. S u b s t i ­
tu t i n g  in t o  A .1 .4 9 we have
“ iv RH n (£ ) A .1 .15
T his makes sen se  on ly  i f
•iV„$ (R) = K (R)«n (R) 
n
A .1 .16
The fu n c tio n  Kq(R) can be i d e n t i f i e d  as th e  l o c a l  momentum. When 
$n ( r 9R9Kg) i s  a s in g u la r  fu n c tio n  o f  3 o r  r a p id ly  v a ry in g  fu n c tio n  o f  
KQ th e  exp an sio n  o f  th e  w av efu n c tio n  in  te rm s o f  {dn (r ,R ,K g (R )} i s  
u s e le s s  a even i f  A . I . 16 h o ld s 3 b ecau se  any c o n c lu s io n s  drawn from such 
an ex p an sio n  a re  in a c c u r a te .  However t h i s  co rresp o n d s t o  a lo n g -ra n g e  
n o n - lo c a l i t y  in  R and does n o t  a r i s e  in  th e  model under c o n s id e ra t io n  h ere ,
S u b s t i tu t in g  A .1 .1 2 ,  w ith  $ ( r 9R) r e p la c e d  by $ ( r 9R9K ) ,  in ton — — n — ■— o
th e  S c h ro d in g e r e q u a tio n  we g e t
( E .  e j . J )  + | i  ^
^  + Uc (!>  " 2“  ^mir. " “ m(R) 1 » - (R)& 3K (-
J Lrcn — 2y mn — n
n#n
A .1 .1 7
where
o v er r A . 1.18
and 6 (R) d e s c r ib e s  th e  c e n tr e  o f  mass m otion , m —
The c o u p lin g  term s C ( R )  a re  1 mn —
c» (^  = 2[  f -v r  + 1
A. 1.19
and th e y  a r i s e  from  th e  dependence o f  0 on th e  c e n tre  o f  mass c o -o rd i­
n a te s  R. We r e s t r a i n  o u rs e lv e s  to  e x c i te d  s t a t e s  m g e n e ra te d  from  th e  
ground s t a t e  o n ly . The am p litu d es  o f  th e s e  s t a t e s  in  f i r s t  o rd e r  
p e r tu r b a t io n  a re
CM R)iT^ mo —
2y E -  En 0 H m 0
MR) A .1 .20
where (E -  Eq) i s  th e  energy  d if f e r e n c e  betw een th e  two e ig e n s ta te s  
T aking on ly  th e  f i r s t  term  in  A .1 .19  and ap p ly in g  th e  lo c a l  W.K.B. 
app ro x im atio n  to  (R ) , we g e t
•ft2 CmQ®  (Rp . f  rB #K , R)
2y E -  E V -  ^  2y [mO ^ 0 ®  M m 0 u
where
A .1 .2 1
mO = 2 d£  ^ ( Rs£)V Rc|)0 (R 5r )
A .1 .22
We w ant t o  show t h a t ?-hf[2 C00(R) 2.2y E x-  EQ< g iv e s  an upper e s t im a te  o f
I2 ^mO
m^O *-2y Em~£j0
Eq i s  th e  ground s t a t e  energy  and E ^ , th e  en e rg y  o f  
th e  f i r s t  e x c i te d  s t a t e .  F o r th e  n -p  system  th e re  i s  on ly  one bound
s t a t e ,  hence
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w here B i s  th e  b in d in g  energy  o f  th e  n -p  system . 
Now
B n = lim
| a r |-k)
d? ^  R f ^  o ( R+AR , r ) -  $ 0 ( R , r )}
AR
where <£n(R + AR5r )  and v>0(R *r) s a t i s f y  th e  e q u a tio n s
{ tp + Q(R + AR)V ( r ) } $ Q(R + A R,r) = EQ(R + R ) ^ (R  + A R,r) A .1 .2 4
and
{ t r  + Q(R)Vn^ ( r ) } ^ 0(R 5r )  = E0(R)<J)0(R 5r )
Thus $q(R + A R,r) can be o b ta in e d  from {$q(R 3*0 i  = 0 9 -»}  
by p e r tu r b a t io n 3 th e  p e r tu r b in g  p o t e n t i a l  b e in g
AV = {Q(R + AR) -  Q(R)}V ( r )np A .1 .25
To f i r s t  o rd e r  in  p e r tu r b a t io n
2(AV) mO
= En(R )-Eo — m(R)
A .1 .26
and to  second o rd e r  in  p e r tu r b a t io n ,
I
m^O
(AV) mO
E_(R )-E (R) o — m — '
where
<AV)m0 = !AV|<f,0( R .r )> ov er r
A .1 .2 7
A .1 .2 8
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-nms 2(AV)™
E .(R )-E  <R)
B = lim  - ° A. 1. 29
- n,n |a r | - 0
-00 lim  -  £| a r |-K) m*0
(AV)mo
E (R)-E (R) 0 — m —
AR
A .1 .30
Thus
* oo-A£ - i  I  l ^ o - ^ l 2m?0
A .1 .3 1
Now
% coo(^  - I t  Boo(*)dS(E) = ¥  Ioo<^ -Id A .1.32
where Vd i s  th e  v e lo c i ty  o f  th e  d e u te ro n . U sing A .1 .3 1  and assum ing 
t h a t  th e  d eu te ro n  t r a v e l s  a d is ta n c e  AR in  a tim e At
•ft2
h  coo(£>
i l T l  V In T-, I 2 1
2 * I I Vm At A .1 .33
Hence
%  Co o < ^ «  “  y |B .V d |2 .A t2 4 L '—mo — 1 m
|Cm0( O | 2 -At
y^ m
= _ A.  y 
2ft am l 2 -At
A . I . 34
A 1.34 i s  a c c u ra te  th e  s m a lle r  At i s .  
l e s s  than
• f t  f t
E r Eo B
However At can n o t be chosen  to  be
A.1.35
o th e rw ise  one would n o t be su re  t h a t  th e  d eu te ro n  i s  in  i t s  ground
s t a t e . Thus
f t2£L_ p (p ) 
2y L00 - 1 1m %  cmo (£>
Hence
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Spin  dependence  o f  t h e  d e u t e r o n  o p t i c a l  p o t e n t i a l ,  t h e  d e u t e r o n  D - s t a t e  and the  
P a u l i  e x c l u s i o n  p r i n c i p l e .
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The e f f e c t  o f  t h e  P a u l i  e x c l u s i o n  p r i n c i p l e  on t h e  b i n d i n g  e n e r g y  o f  a 
d e u t e r o n  p r o p a g a t i n g  i n  n u c l e a r  m a t t e r  h a s  been  t h e  s u b j e c t  o f  renewed i n t e r e s t  
r e c e n t l y  1»2 >3 . I n  t h e  work p r e s e n t e d  h e r e  t h e s e  c a l c u l a t i o n s  h a v e  been  e x t e n ­
ded to  i n c l u d e  t h e  i n f l u e n c e  o f  a t e n s o r  f o r c e  component  o f  t h e  n e u t r g n - p r o t o n  
i n t e r a c t i o n  o f  t h e  Yamaguahi  ty p e  11. A consequence  o f  t h e  p r e s e n c e  o f  D - s t a t e  
components in  th e  d e u t e r o n  i s . t h a t  f o r  a g iv e n  Fermi momentum and d e u t e r o n  
c e n t r e - o f - m a s s  momentum, k_, th e  d e u t e r o n  b in d i n g  e n e r g y  i s  found  to  depend 
s t r o n g l y  on ( s . k ) 2 , w here  s i s  th e  d e u t e r o n  s p in  o p e r a t o r .  The e f f e c t ' o f  the 
Fermi sea  i s  to  p r o d u c e  l e s s  b i n d i n g  on a d e u t e ro n  w i t h  s_.k_ = 0 t h a n  w i t h  
s . k  = ± 1. Th i s  c an  be  u n d e r s t o o d  i n  a s im p le  s e m i - c l a s s i c a l  p i c t u r e  i n  which 
a c c o u n t  i s  t aken  o f  t h e  o r b i t a l  c o n t r i b u t i o n  t o  s_ from th e  d e u t e r o n  D - s t a t e .
The q u a n t i t a t i v e  r e s u l t s  shown in  F i g .  1 have  been  o b t a i n e d  by  assum ing  t h a t  
a t  each  v a l u e ,  R, o f  t h e  r a d i a l  d i s t a n c e  o f  th e  d e u t e r o n  c e n t r e - o f - m a s s  from 
the '  c e n t r e  o f  th e  n u c l e u s  t h e  d e u t e r o n  has  a d e f i n i t e  c e n t r e - o f - r n a s s  momentum, 
k ,  d e te rm in e d  by t h e  l o c a l  v a l u e  o f  the  Coulomb e n e r g y  and t h e  n u c l e o n  o p t i c a l
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o f  R a t  which no b i n d i n g  e n e r g y  i s  shown, the  s t a t e  w i t h  ( s . k )  = 0 i s  unbound.
The d i f f e r e n c e  (e + 1~ e Q) can be i n t e r p r e t e d  as a t e n s o r  t e rm  i n  t h e  deu te ro n  
o p t i c a l  p o t e n t i a l  oF t h e . ( s . k _ ) 2 type  7 . I t  shou ld  be n o t e d  t h a t  t h e  p o t e n t i a l s  
o f  F ig .  1 have a s i m i l a r  m a g n i tu d e  to the  t e n s o r  f o r c e  o f  t h e  (s^E-)2 type p r e d i ­
c t e d  by the  Watanabe model  and which g i v e s  an e x c e l l e n t  a c c o u n t  o f  a l l  3 t e n s o r  
asymm etr ie s  o b s e r v e d  i n  low e n e rg y  d e u te ro n  e l a s t i c  s c a t t e r i n g  8 . The new 
t e n s o r  f o r c e  d i s c u s s e d  h e r e  may be r e l e v a n t  to s u g g e s t i o n s  t h a t  t h e  Watanabe 
model does n o t  g i v e  c o r r e c t  s p in - d e p e n d e n c e  a t  h i g h e r  e n e r g i e s  9 »10 .
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It is shown that the effect of the Pauli principle on the propagation of a deuteron in nuclear matter depends strong­
ly on the relative orientation of the momentum and spin of the deuteron. Possible implications for experiments with 
polarized deuterons are discussed.
i
The spin-dependence of the deuteron-nucleus in­
teraction has become the subject o f considerable inte­
rest as the result of the development of elastic scat­
tering experiments in which the five observables, o(6) 
(the cross-section for unpolarized deuterons), 4*11. 
720> ^21> ^22 (^ e  analysing powers for polarized deu­
teron) are all measured over a considerable angular 
range and for a variety of targets and energies [ 1 —4]. 
The analysis o f these data in terms of an optical poten­
tial usually assumes that in addition to a spin-orbit 
force of the L •S  type, tensor forces proportional to 
the operators Tr  and Tl  are also present. Here
t r  = (s -r )2 - i
7 W L - S ) 2 + i Z - < ? - f L 2 ,
0 )
(2)
where R  is the deuteron-nucleus separation and S  is 
the deuteron spin operator. Forces of this type were 
first proposed on general ground by Satchler [5] who 
also showed how a Tr  potential is generated by the 
D-state of the deuteron. A small TL potential has been 
predicted by Stamp [6].
The purpose o f the present letter is to point out 
that a potential o f the type
VP(R )Tp ,
where
7> = (S-/>)2 - f / > 2 ,
(3)
(4)
and P is the deuteron centre-of-mass momentum ope­
rator conjugate to R,  is also expected when account 
is taken of the Pauli exclusion principle on the propa­
gation of a non-spherical deuteron through nuclear 
matter. It is estimated here that the tensor potential
generated in this way has a significant magnitude over 
a wide range of incident deuteron energies.
The physical basis for this effect can be understood 
from the consideration of a model in which a deuteron 
of centre-of-mass momentum K d is introduced into 
nuclear matter, assumed to be adequately described 
by a Fermi gas model of Fermi momentum k p .  It is 
well known that the presence of the Fermi sea has a 
strong effect on the deuteron binding energy (see, e.g. 
the recent calculations in [7]). In addition deuteron 
states corresponding to different eigenvalues of (S 'K^)2 
are no longer degenerate, i.e. in the presence of nuclear 
matter there are in general two 1+ spin triplet states 
of the n-p system corresponding to S  • K$ = ±1 and 
5 * ^ = 0 .  This energy splitting arises because of the 
tensor force in the n-p interaction, a consequence of 
which is that the deuteron spin S  has a contribution 
from orbital relative motion of the n-p system. A classi­
cal argument shows that a state with S  • = ±1 is ex­
pected to be more strongly bound than a state with 
S m = 0 if S  arises entirely from orbital motion. In 
the former case the Pauli principle will be satisfied by 
n-p relative momenta such that + k p.
The same values of \k  | may violate | ±  k  I >  k p  in 
the case S • ^  = 0 where possible momenta k  have a 
component parallel to K d. In the real deuteron a 
coupling of the required type between S  and the plane 
of the n-p orbit is produced by the D-state component.
These simple considerations are borne out by a 
quantum calculation. The binding energy o f a deuteron 
in nuclear matter as a function of K d and k p  is ob­
tained by solving a Bethe—Goldstone equation of the 
type used in [7] generalized to include the tensor n-p 
interaction given by Yamaguchi and Yamaguchi [8],
4
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Fig. 1. Deuteron binding energy splitting (e+j — e0) as a func­
tion of position, R, and incident deuteron energy, Ed, fir Zr,
which generates the experimental deuteron quadrupole 
moment and free space binding energy and corresponds 
to a D-state probability of 4%.
The solution of the Bethe—Goldstone equation de­
pends on K d,M(=StKd), and fcp, and when a bound 
state solution exists is given in momentum space by
e(Ki ,P)N
^M ^d’ ’P) ~ (A 2(M,Kd, k F) + p 2)
I l t p2 i
W 2+P2) ( t2 +p2)2 \ /8  ' Xm ’
(5)
where the force parameters P, y, and t are defined in 
[8], Xm is a triplet spin wavefunction S ^ i p )  is the 
usual tensor force operator, TV is a normalization con­
stant, and 6 is the Pauli operator given by
0(tfd,p) = 0. l i * d ± P l < * F > 
= 1, l i x d± p | > * p .  
The deuteron binding energy is
eM= f ^ A  2(M,Kd, k F) ,
(6)
(7)
where ju is the n-p reduced mass.
For present purposes it is most useful to display the 
dependence of eM on the variables K d, k F in terms of
a dependence on R , the distance of the deuteron from 
the centre of finite nucleus. For an incident deuteron 
energy Ed this can be achieved by endowing fcp and 
K d with an R  dependence through the relations
n2K 2d
E a = -XTT- + V J R )  + V J R ) .  (8)id“ ~ 2 ^ +KP(^ ) + W
/  3 tt2 \ 1/3
(9)
where Vp and Vn are nucleon optical potentials, in­
cluding the Coulomb field due to a uniformly charged 
spherical nucleus for the proton, and p(R)  is the nuclear 
matter density at R.  For the latter, published [9] point 
charge densities for the nucleus considered have been 
used. The potential Vn and the strong interaction 
part of Vp are taken from eq. (13) of ref. [10] evaluated 
at j  E^ [11]. The spin-orbit and imaginary parts of 
Vn and Vp are neglected. Some of the results quoted 
below correspond to nucleon energies outside the 
range considered in [10] but errors introduced in this 
way are not expected to alter qualitatively the nature 
of the Pauli principle effect of interest here.
Full details of the dependence of eM and the internal 
structure o f the deuteron on R,  mass number and - 
energy will be published elsewhere. Here emphasis will 
be placed on the properties of the binding energy diffe­
rence
e±l ~ e0 (10)
Because M  is the eigenvalue of (S • Kd), this difference 
can be interpreted as giving information about the 
strength and radial dependence of Vj>(R)fK^(R) o f  
eqs. (3) and (4). (Note that TP((S • P)2 = 1) -  
Tp ((S 'P)2 = 0) =P2).
Calculations o f this difference,have been confined 
to the case where both the 71/ = ±1 andM =0 states 
are bound. In agreement with the classical picture, 
binding in the M =0 state always goes to zero faster 
than in the M  = ±1 case as the density increases. Some 
features of the results are shown in fig. 1 for the nucleus 
Zr. At energies above about Ed = 100 MeV the radial 
dependence roughly follows the density. At lower 
energies there is some evidence for an additional sur­
face peaking effect. The maximum value of (e± j — e0) 
increases with energy up to about E d = 150 MeV and 
then decreases to zero as the binding energy approaches 
the free space value ef = 2.23 MeV, for both values ofM 2.
5
Volume 6 IB, number 1 PHYSICS LETTERS 1 March 1976
The more detailed energy dependence can be under­
stood asfollows. At large R  and small density,
£p, and e±1 is very close to ef as the classical picture 
suggests. However e0 decreases rapidly with decreasing 
energy with the result that d(e±1 — eo)/dE^< 0. Inside 
the nuclear surface «  kp  for E d<> 100 MeV and 
Cq has become very small compared with e±1. The • 
main energy dependence of (e±1 — e0) therefore comes 
from e±1 ie. d(e±1 - e 0)/d£’d>  0. Well above Ed ^
150MeV\ K $ > k p  for alii? and (e±1 — e0) becomes 
very small because both e±1 and e0 approach ef .
These results are relevant to the description of the 
tensor analysing powers mentioned at the beginning.
It is interesting to compare the potential energies 
shown in fig. 1 with the Tr  potential
n ^ K s - s ) 2 - ! ] , (11)
given in [2]. According to [1] and [2], K(i?), which 
measures the potential energy difference between a 
deuteron with (S-R)2 = 1 and (S 'R ) 2 = 0, has the 
radial shape of the 2nd derivative of the real part of 
the nucleon optical potential and with a peak value 
similar to the energies shown in fig. 1. The Tp poten­
tial introduced here will produce an angular and 
energy dependence for polarization quantities quite 
different from the Tr  potential but the simple com­
parison of strengths does suggest that the Tp poten­
tial cannot be ignored*. Detailed calculations of the 
polarization using a coupled channels formalism are 
planned.
Finally it should be noted that the effects shown 
here are not determined simply by the deuteron free 
space quadrupole moment, Q. When the parameters 
of the Yamaguchi potential are altered keeping the
* An alternative mechanism for producing a Tp force has been 
proposed by Lyovshin [13]. However, this contribution is 
proportional to the energy derivative of the nucleon optical 
potential and is therefore much smaller than the T r  potential 
of refs. [1] and.[2].
deuteron free space binding energy and Q fixed the 
magnitude o f the difference (e±1 — e0) changes in a 
non-negligible fashion [12]. Thus in principle the meas­
urement o f this effect will yield complementary infor­
mation to the parameter Z>2 [14] obtained from (d ,p) 
measurement at low energies [15].
An alternative derivation o f the spin-dependent ef­
fect discussed here is given by Austern in the following 
article [17].
The authors wish to thank Mrs. J. Hilton for com­
puting assistance and A.I. acknowledges receipt o f a 
University o f Surrey studentship.
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